Example 1
Check body structural strength for the following proposed EXrocket design:

Project: Example 1
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All Dimensions are: in

Body material 6061-T6 aluminum alloy, 4.0 inch OD x 0.035 inch wall thickness
Nosecone shape = tangent ogive

Design Stability Margin = 2

Maximum expected velocity = mach 1 @ 2000 feet AGL (at motor burn out)
Maximum expected acceleration = 30 G’s

Drag coefficient, plotted in Figure 1 (ref. AeroLab)

Design angle-of-attack = 10 degrees

Liftoff weight = 30 pounds

Motor length = 16 in.

Launch site elevation 700 feet ASL
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Figure 1 — Rocket drag coefficient as function of mach number




The first step is to calculate the maximum drag force acting on the rocket at maximum velocity.
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Air density (p)at2000 ft AGL corresponds to 2700 feet ASL. From this Table, using linear mterpolation,
the value of p is:
p =(2700 — 0)/(5000 — 0) x (20.48 —23.77) +23.77 = 22.0 slug(10*)/ft? =0.00220 slug/ft?

The reference area, A, of the rocket is
A =Y m(4.0/12)2 =0.0873 ft?

From this Table, using linear nterpolation, mach 1 at 2700 feet ASL corresponds to a speed of:
V = (2700 -2461)/(3281 - 2461) x (1103 —1107) + 1107 = 1106 ft/sec.

Although the target maximum velocity of the rocket is mach 1, a glance atthe drag coefficient versus
mach number curve (Fig.1) shows a very steep rise of slope as mach 1 is crossed. If the rocket exceeds its
target performance, it may approach mach 1.2 or 1.3, where the highest drag occurs. As such, to be
conservative, use the highest drag coefficient:

Cp=0.67

This gives a total drag force on the rocket of:

1
Fy = > (0.00220) (1106)2 0.67 (0.0873) = 79 lbf

The design (worst-case) angle-of-attack is 10 degrees:
o =10/180 x = 0.175 radians

The next step is to calculate the normal forces acting on the nosecone and the fins, given by:
Nnose =q A o (Cna)N
Niws =q A o (Cro)r

The dynamic pressure (q) acting on the rocket is:
q="(0.00220) (1106)> = 1346 Ibf/ft?

The slope of the normal force coefficient with respect to angle of attack, at o= 0, for the nosecone and fins
is obtained using the Barrowman method. For any nosecone shape:

(Cno)n =2 per radian

For the fins, the Barrowman equation is:
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where N = number of fins, and d = base diameter of the nosecone. The other parameters are defined by the
following figure:

(Cnedr = [1



https://www.engineeringtoolbox.com/standard-atmosphere-d_604.html
https://www.engineeringtoolbox.com/elevation-speed-sound-air-d_1534.html
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The mid-chord sweep angle theta is given by:

1 1
0= Tan_1{§ [XR +E (CT_ CR]}

and mid-chord length, Lg, by:
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For the example rocket, the values of these parameters are:
N=4
d=4.0 in.
R=2.0m.
S=4.5m.
Xgr =3.5m.
Cr=3.0 in.
Cr=80in.

This gives

1 1
0 = Tan‘l{ﬁ [3.5 +3 (3.0 - 8.0)]} = 12.5 degrees
Lr=4.5/cos(12.5) =4.61 n.

The slope of the normal force coefficient for the fins may now be calculated.

4.5\
(c )—[1+ 29 4(4)(4_:0) =11.48 rad.”!
NaJF = 2T 45120 2 46D\ - e rad
1t 1+<8.O+3.0)_

As such, the normal forces acting on the nosecone and the fins are:

Nwose = 1346 (0.0873) 0.175 (2.0) = 41.1 Ibf.



Nems = 1346 (0.0873) 0.175 (11.48) =236 Ibf.

Take a minute to check to see if units are consistent

N= lbf/t}/Z 6] ra)iﬁan /ra?/ian = Ibf, so units are correct

The next step is to calculate the location of the nosecone centre of pressure (Xy) and the fins centre of

pressure (Xg), illustrated below. This is where the normal force resultants acts. Note the ‘global’
coordinate system, denoted by ‘large X, has its origin at the nosecone tip.
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These are obtained using the Barrowman method. For a nosecone, the location of the CP is dependant
upon the nosecone shape and the nosecone length. For the example rocket, which has a tangent ogive
nosecone of length 8.0 inches:

X~ =0.466 (8.0) = 3.73 in.
For the fin set, the location of the CP is given by

Xg (CR+2Cy) 1 Cr Cr
Xp=X —[(Cr+ Cp) -
F=Apt 3(Cr+ Cp) % (Crt Cr) Cr+ Cr

where Xp is the distance from the nosecone tip to the start of the finset.
XB =76 m.
Plugging in the values gives:

o 7, 35[8042(30] 1 6.0+ 30 8.0GBO| _ 0.
F= 3 (8.0 + 3.0) 6 |~ ' 8o+30l 7T

The lateral acting nertia loads, w; and w,, as shown i the figure below, are now calculated.
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Note the introduction of a ‘local’ coordinate system, ‘small x’, with its origin at the nosecone CP. This
coordinate system is for convenience with regard to calculating the structural loads on the rocket body.

The location of the CG of the rocket is determined from the design stability margin and location of the
rocket’s CP. As this rocket will reach supersonic velocity, compressibility effects will affect the CP
position that the Barrowman method neglects. Figure 2 (ref. AeroLab) shows the CP variation with mach
number.
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Figure 2 — CP location as a function of mach number

As seen in Figure 2, the Barrowman CP (denoted by X)is further forward than the CP shown by the red
line. Therefore, to be conservative, the Barrowman CP will be used in the analysis. The CG location is
now calculated based on the design Stability Margin.



Xcg = 67.79 — 2 (4.0)=59.79 in.

From this, distances x; and x, may be calculated.

X1 =59.79 —3.73 =56.1 in.

X =79.0 — 59.79= 19.21 in.

The values of distributed mertia loads w, and w, are next calculated.

NN +NF_sz2
W, = x 0<x<xl
1

_ Nf:(zxz + xl) - NN x1
B x5 + Xy Xy

W3

The value of w, is calculated first, then wi.

_236[2(19.21) +56.1] — 411 (56.1) _ . Ibf
W2 = (19.21)2 + 56.1 (19.21) I

_ 4114236 -1381(192D) _  Ibf
W1 = 56.1 =94t T

The lateral shear loading, asa function of x, is given by

V(X)=NN_W1X 0<x<xl
V(x) =V —wy(x — x;) Xl<x<L

Inserting the values for the first range of x:

V(x) =41.1-0.21x Ibf
The shear force at x; is needed in order to calculate V(x) over the 2" range of x.
V =V@x; = 41.1—0.21 (56.1) = 29.4 Ibf

For the range x; <x <L, where the length L represents the body length from nose CP to the fin CP (ie. L =
X1+ x;), or L=56.1 +19.21 =75.31 in. This gives the shear force over this range of

V(x) =29.4 —13.8 (x — 56.1) Ibf

The maximum bending moment occurs where V = 0. Since this location may be anywhere along x, both
equations for V(x) are solved in terms of x.

X|y=0 = Iv\"]—l\i applicable to range of x =0 to 56.1

Ny _416_ .
w, 021 ot



As this value of x is outside the range of x = 0 to 56.1, then the true location of V=0 must lie in the range x
=56.1 to 75.31 ., and therefore

1
Xly=o = —+ X1
W»

29.4
x|V=0 = m + 561 == 582 ln

The maximum bending moment is therefore given by:

2

My = 2 -V, (L—x)+w (1L2+1x2—Lx)
max—zw2 1 1 2 2 2 1 1

Plugging in the values gives

2
M, = 2(2(‘1;‘;) —29.4 (7531 - 56.1) +13.8 |5 (75.31)% +(56.1)% - 75.31 (56.1)| = 2013 Ibf-in.

As well as maximum bending moment, it will be useful to have a shear-bending moment diagram in case
joints are introduced into the design. Moment as a function of x is given by:

2

X
M(x)=NNx—w17 0<x <x,
1 2 1 2

The M(x) and V(x) curves are most conveniently plotted using a spreadsheet app such as Excel.
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x Vix) WVix) M(x) M(x) X Vix) Vix) Mix) M(x)

0 41.0 0.0 38 331 1408.2

1 40.8 40.9 39 329 1441.2

2 40.6 81.6 40 327 1474.0

3 40.4 122.0 41 325 1506.6

4 40.2 162.3 42 323 1539.1

5 40.0 202.4 43 321 1571.2

6 39.7 2422 44 319 1603.2

7 39.5 281.8 45 31.7 1635.0

8 39.3 3213 46 315 1666.6

9 39.1 360.5 47 313 1698.0
10 38.9 399.5 48 311 1729.1
11 38.7 438.4 49 309 1760.1
12 385 477.0 50 30.6 1790.8
13 38.3 515.4 51 304 1821.4
14 38.1 553.6 52 30.2 1851.7
15 7.9 591.5 53 30.0 1881.8
16 37.7 629.3 54 29.8 1911.8
17 375 666.9 55 29.6 1941.5
18 373 704.3 56.06 29.4 29.4| 1972.8| 19728
19 37.1 741.4 57 16.4 1994.3
20 369 778.4 58.19 0.0 2004.1
21 36.6 815.1 59 -11.2 1999.6
22 36.4 851.7 60 -25.0 1981.5
23 36.2 888.0 61 -38.8 1949.6
24 36.0 924.1 62 -52.6 1903.9
25 35.8 960.1 63 -66.4 1844.3
26 35.6 995.8 64 -80.2 1771.0
27 35.4 10313 65 -94.0 1683.9
28 35.2 1066.6 66 -107.9 1582.9
29 35.0 1101.7 67 -121.7 1468.2
30 348 1136.6 68 -135.5 1339.6
31 34.6 1171.2 69 -149.3 1197.2
32 344 1205.7 70 -163.1 1041.0
33 34.2 1240.0 71 -176.9 871.0
34 34.0 1274.0 72 -190.7 687.2
35 33.7 1307.9 73 -204.5 489.6
36 335 13415 74 -2183 278.2
37 333 1375.0 75.23 -235.3 0.0

The largest shear force magnitude, Vma =236 Ibf, is at the location of the fins CP (Xg = 79.0). The
maximum shear stress is calculated at this location.

V
f;_max =2==

As

where As is the tube cross-sectional area.
T

Ag = 7 [(4.0)2—(3.93)%] = 0.436 in?

giving

236 )
f:g_max =2 [m] = 1083 pSt



The maximum bending moment (2013 Ibf-in.) is at x = 58.2 inches. In terms of the global coordinate
system, the maximum bending moment is at X = 58.2 +3.73 =61.9 in.

The locations of the maximum shear and bending moment on the example rocket are illustrated below.

40
: X=61.9 = ‘
X =790 :

Now that the maximum axial load and bending load on the rocket have been determined, the combined
axial and bending stress is calculated. Note that axial stress due to mass inertia will be neglected as the
maximum expected acceleration is relatively low (30 G’s).

The compressive stress on the rocket body tube due to aecrodynamic drag , f.,, is given by

Fp
fca:A_C

where F, =79 Ibf, determined earlier, and body tube inside diameter, d =4.0—2 (0.035) =3.93 in.
Ay = % [(4.0)2 — (3.93)2] = 0.436 in?
Giving a maximum compressive stress of

=7 181 psi
Jea = Gazg = 181 psi

The maximum bending stress on the rocket body is given by

Mmax
fb max — 7

where Mmax = 2013 Ibf-in. and Z is the section modulus of the body tube, given by

Z= —— (D*—d%

32D
giving
— 4_ 471 — i3
Z 32 (4.0) [(4.0)*— (3.93)%] = 0.428 in

_ 2013 — 4703 bsi
fbmax - 0.4’28 - pSl

Therefore the combined compressive stress due to axial and bending components is



fc totar = 181 + 4703 = 4884 psi

In order to determine if the rocket body tube will fail by compressive instability (buckling), the D/t ratio is
calculated, where ¢ is the wall thickness of the body tube.

D/t=4.0/0.035 =114

As the D/t ratio is greater than 70, the critical bending stress is obtained from the graph of compressive
mstability curves for aluminum. In order to use the graph, the ratios /¢ and L/r are needed:

1/t = (4.0/2)/0.035 = 57

At this point in the design, the location of supports within the body tube (such as couplers) is unknown
other than the location of the motor thrust bulkhead. Conservatively the length of the rocket body between
the nosecone and the motor bulkhead will be considered to be the unsupported length L.

L=85-8—-16 =61 mnches.
L/r=61/(4.012) =30.5
The graph below is used to determine the critical buckling stress (Fbcr).
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Foer = 23,500 psi
This results in a compression Safety Factor of
S.F. =23,500/4884 = 4.81



The maximum applied shear stress, calculated earlier, is compared to the shear strength of the body tube
material.

The allowable shear stress for 6061-T6 aluminum alloy is taken from Table 3.6.2.0(c1) of MMPDS.
Su =27 ksi, or 27,000 psi.

This results in a shear Safety Factor of

S.F. =27,000/1083 = 24.9

Conclusion

The Safety Margins calculated for both body tube compression and shear are healthy (greater than 2) and
as such, the proposed rocket body design is sound, based on conservatively assumed loading.



