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Solid Rocket Motor Theory -- Introduction

Introduction

The primary goal of th&olid Rocket Motor Theory Web Pages is to present the
theoretical basis for the functioning of a soliogellant rocket motor. Emphasis
is placed on the theory as it applies to smalb{retly speaking) amateur
motors, which are typically of lower performancelafficiency than their
"professional” counterparts. In certain regard,dtamdard "textbook" methods
must be modified to take these factors into account

The secondary goal is to present the fundamerdals't that may be used in the
design of amateur rocket motors. This topic willdoered in a later Web Page.

| will attempt to follow a logical path in this pgentation, with one topic leading
into the next topic. Starting with thigasic Assumptionsthat must be made in
order to "simplify" the highly complex nature oktfunctioning of a rocket
motor. ThePropellant is then discussed, although mainly with regardeidain
aspects that have direct application to rocket miiory. For example,
propellants are considered to consist of a fuediirand oxidizer, without regard
to specific formulations. The shape that the prapéls formed into (thgrain)
has a direct and important bearing on the moteesatl performance
characteristics.

As the fundamental operation of the rocket motquies that the propellant be
burned, the topic that follows deals with thembustion process. In other
words, the conversion of the propellant grain ghitemperature gases and
condensed particles (smoke). This combustion ne@irdn a manner that is
suitable to obtain the desired operating requirdsmera certain thrust profile
over a certain burn time, while operating withimtagn physical limits with
regard to chamber pressure and temperature. Thusyéte, combustion
temperature, and products of combustion all plaguaial role in establishing a
rocket motor's performance.
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Almost certainly the most critical component ofadics rocket motor is the
nozzle. The nozzle can "make or break" a rockebmatost literally. But what
exactly does a nozzle do, and how? What is thdisace of the convergent
and divergent profile? These questions are addtesgbe section ohozzle
Theory.

The expulsion of the exhaust products through tele at high velocity
produces thrust, the "power" of a rocket motor.uBhmay be measured through
fairly simple means, but how does one predict vitvattheoretical thrust will be
for a given motor design? The sections that folthscuss the means to calculate
thrust, as well a3 otal Impulse andSpecific Impulse The latter two

parameters are the "yardsticks" to measure thelu§gbpulsive power" of a
motor, and the "worth" of a specific propellantlis regard.

Anyone who has familiarity with rocket motors knothat they operate under
high Pressure It is this chamber pressure, produced by the ctidn of
propellant, that forces the exhaust out of the metthe nozzle. Controlling
this pressure is the key to more successful, afed, sacket motor design and
operation. What parameters determine the presstweh can be looked upon
quite realistically as a "controlled explosion” kit the combustion chamber?

The final topic dealt with in the theory of rockabtors is the Corrections” that
must be considered in order to bridge the theakiedictions to the true
results that will be obtained in aActual" rocket motor. These corrections are a
direct result of the topic first dealt with, that the simplified assumptions that
make such an analysis at all possible.

The final two topics covered deal with one of a yemof software tools that
greatly eases the most difficult and laborious pdage in analysing the
operation of a rocket motor -- the combustion psscd his software exists in
various forms, such as PROPEP, but also referrad ®UIPEP, NEWPEP, PEP
(which are all essentially the same program), dsageCET. The acronyms are
as follows: PEP ropellentEvaluationProgram; CET =ChemicalEquilibrium
with Transport Properties. The meaning of the variougifodryptic) terms that
are printed in the output file is explained, ashaslhow these results are
derived. Additionally, a brief writeup describingetbasic workings of the
program is presented.

These programs have certain shortcomings that mialgenof importance to
large scale "professional” rocket motors and pilap&d, but may certainly have
a significant impact on the predicted performanicaneateur propellants. This
topic is dealt with in the final section of t&elid Rocket Motor Theory Web
Pages.

Next -- Basic Assumptions
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Solid Rocket Motor Theory -- Basic Assumptions

Basic Assumptions

The various physical and chemical processes tlatrae an actual rocket motor
during operation are highly complex. These processdude the complex
chemical reactions that occur during combustioe;rttanner in which
"consumption” of the propellant grain occurs duingning; the behaviour of
the flow of exhaust gases as they form at the bgraurface, travel through the
chamber, and exit through the nozzle; the intevadtetween the exhaust gases
and condensed particles (smoke).

The theoretical analysis of a solid rocket motarassitates certain
simplifications, that is, the assumption is ofideal rocket motor. An ideal

rocket motor assumes the following:

e The propellant combustion is complete and doevaugt from that
assumed by the combustion equation.

e The combustion products obey thefect gas law.

e There is no friction impeding the flow of exhausbgucts.

e The combustion and flow in the motor and nozzladisbatic, that is, no
heat loss occurs to the surroundings.

¢ Unless noted otherwisgteady-state conditions exist during operation of
the motor. This means that the conditions or peeg$hat occur do not
change with time (for a given geometric conditiodsing burning.

o Expansion of the working fluid (exhaust productsgurs in a uniform
manner without shock or discontinuites.

o Flow through the nozzle is one-dimensional and ragational.

e The flow velocity, pressure, and density is unif@anoss any cross-
section normal to the nozzle axis.

e Chemical equilibrium is established in the comlarsthamber and does
not shift during flow through the nozzle. This isdwn as "frozen
equilibrium™ conditions.

e Burning of the propellant grain always progressarsnal (perpendicular)
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to the burning surface, and occurs in a uniformmeamver the entire
surface area exposed to combustion.

Any further assumptions that may be required atedtas necessary in the
following analyses.

Although it seems like a lot of simplifying assumopis must be made, in fact,
these are all reasonable and can be expectededotrife actual behaviour of the
rocket motor fairly closely.

Next --Propellant Grain
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Solid Rocket Motor Theory -- Propellant Grain

Propellant Grain

The propellant utilized in amateur experimentakeianotors may be simple in
composition, being comprised of two main constitaenfuel and an oxidizer. Such
is the case with the "sugar" based propellantseExpentalcomposite propellants,

on the other hand, may have a composition thatily fcomplex, and may contain
oxidizer of various mesh sizes, polymer binder, eneh metals such as aluminum
or magnesium. Curing agents, phase stabilizerssalvents may be other additives
included in small percentages.

For any propellant, additives may control the batey either to accelerate or to slow
the rate. An opacifier may be added to absorb theatmay otherwise be transmitted
through a translucent grain resulting in unpredigdurning.

Regardless of the composition, however, all pramedl are processed into a similar
basicgeometric form, referred to as a propellagitain. As a rule, propellant grains
are cylindrical in shape to fit neatly into a rotksotor in order to maximize
volumetric efficiency. The grain may consist of a single cylindrisagment (Figure

1), or may contain many segments. Usually, a ceatra that extends the full

length of the grain is introduced, in order to g&se the propellant surface area
initially exposed to combustion.
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Figure 1 -- Hollow cylindrical grain

The core may have a wide variety of cross-sectsoic as circular, star, cross, dog-
bone, wagon-wheel, etc., however, for amateur rsptbe most common shape is
circular. The core shape has a profound influemcthe shape of the thrust-time
profile, as shown in Figure 2.
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Figure 2 -- Core shapes and influence on thrustecur
Click for more...

How does the core shape influence the thrust-timmee® The thrust (and chamber
pressure) that a rocket motor generates is pr@matdtto the burning area at any
particular instant in time. This is referred totlasinstantaneous burning area. The
burning surface at any point recedes in the dveatiormal (perpendicular) to the
surface at that point, the result being a relahgmbetween burning surface and web
distance burned that depends almost entirely ogriie initial shape and restricted
(inhibited) boundaries. This important conceptlisstrated in Figure 3, where the
contour lines represent the core shape at suceasgiments in time during the
burn. Notice that the shape of the thrust-time ewivanges, with the vertical lines
corresponding the the same successive momentgdherburn. As can be seen,
the star grain provides an approximatedytral burn, as the surface area remains
fairly constant throughout the burn duration. A tnelburn is usually desirable
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because it provides for greater efficiency in dalywof total impulse, as a nozzle
operates most efficiently at a constant chambesspire.
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Figure 3 -- Grain regression

It is important to recognize that therning area of a propellant grain is a key
parameter in determining the performance of a rockémotor. The primary
function of a propellant grain is to produce contlmmsproducts at a prescribed
flowrate defined by:

Mg= Avppr

where ﬁ’p is the propellant mass densigy; is the burning area, amds the

propellant burn rate. A complete discussion on lvate is provided in the
Propellant Burn Ratereb page. The total burning area consists ofrafpgllant
surfaces that are exposed to combustion (and thiustmbited from burning by
some means). The grain burning area is dependant up

o Grain geometry, as described above
¢ Use of inhibitors

An inhibitor is a material or coating that is sufficiently heagistant such that any
propellant surfaces protected by the inhibitor doaombust during the entire
operating duration of the motor. Inhibitors for dena experimental motors are
typically paper or cardboard, or a coating suchalgester or epoxy resin.

For thedesign of a motor, we are most interested in theximum burning area,

since it is this area that determines rtheximum chamber pressure that the motor

will experience. The maximum chamber pressureesl s size the motor casing.
For a completely unrestricted-burning grain (e.gl@0, B-200 & C-400 motors), all
surfaces are exposed to the heated gases anduttmisgoproceeds from all surfaces
commencing at the beginning of the burn. A'TBS" grain (Figure 4), which is

http://members.aol.com/ricnakk/th grain.f 20/02/200



Richard Nakka's Experimental Rocketry - Page4 of 6

multiple-segment, hollow cylindrical grain thatdase bonded or otherwise has the
external surface inhibited, the initial burningfsge is that area of treere and
segment ends. TheKapparocket motor utilizes such a grain configuratioth a

total of four segments.
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Figure 4 -- B\TES grain

BATES grain configurations are often employed in amateators, as such a grain
can be made to have approximately neutral burfipghoice of the appropriate
Lo/D and D/ ratios. A more complete discussion on burning areshits

relationship to grain geometry, and its influenoechamber pressure, is given in the
Rocket Motor Design Charts Chamber Pressumeeb page.

The surface areas of a cylindrical grairh frustum (such as A-100, B-200 & C-
400) are given in th&rain Areaweb page.

An importantphysical property of the propellant grain is thdass Density which is
used in performance calculations. If a propellardamprised of two constituents,
and oxidizer and a fuel, thdeal density is given by

1

Pe= £,
_+_

Qo P1
where the symbc i (rho) designates density,the mass fraction, and subscripts
o andf refer to oxidizer and fuel , respectively. If apellant is comprised of more
than two constituents, then the ideal densityvegiby (where a, b, c... denote the
individual constituents):

1
fa fb fu:
—t —+ —+
Pa P P

P =
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In Table 1 the density for some oxidizers and some fueggvien, as well as a
worked example. Thactual density can be obtained by accurately weighing a grain
to determine its mass, and by measuring its voluwmite, the density expressed as

M grain _ Warain = %( D2 — dzJ L

ﬂ.?grai m

Pe =
For a hollow cylindrical grain, where D =outer diameter
d =inner (core) diameter
L = Length of grain

The actual density will usually be some percentage than the ideal density
(typically 94%-97%), owing to tiny voids in the gmaand is dependant upon
manufacturing technique. Volume is best obtainethleyArchimedes principle,
which involves immersion of the grain in an appraf@ liquid, and measuring the
displaced volume.

The Volumetric Loading Fraction is defined as the fraction gfain volume to
available chamber volume, and relates the volumetric efficiency of the mp&s
well as a measure of performance efficiency:

Vo k

Vi= -
Wa I$ Fre Wa

whereVp is the grain volumeéya is the available chamber volunmeis the total
impulse (deliverable), andp is the propellant specific impulse.

The Web Fraction is the ratio of propellantreb thickness to grainouter radius, and
is given by:

D-d 2rt
D D

Wi =

wheret, is the motor burn time. Clearly, to maximize bduration, it is necessary

to maximize the web fraction (i.e. thickness). Tpece" for maximizing web
thickness is reduction of the grain core diamefhrs must be carefully considered,
as explained below.

ThePort-to-Throat area ratio is given by théow channel cross-sectional area to
thenozze throat cross-sectional area:

Ap TD1-WV1)

A 4 A
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whereAp is the flow (channel) area of the grain aads the throat cross-sectional
area. Gas velocity along the length of the flowrgte is influenced significantly by
the magnitude of the port-to-throat area rdflboked flow occurs when the ratio is
1.0, with flow velocity through the port being etit@athe flow velocity through the
nozzle throat (sonic). Severe erosive burning (stmpping) may occur under such
a condition, and is generally avoided in desigre Thticality of the port-to-throat
ratio, however, depends upon tihass flowrate at a given location. In fact, a ratio of
1.0 (or less) may be used at the forward end ofithin where mass flowrate is
minimum. The port-to-throat area ratio is oftenduas an index from which erosive
burning tendencies are established. For those [mopewhere this has not been
established, a ratio of 2.0 to 3.0 (dependant gpaim L/D ratio) is suggested.

Length-to-Diameter ratio is the gain overall length in relation to the graiouter
diameter. This parameter is very significant in motor desigs larger L/D values
tend to result in greater erosive burning effeittsl{ding negative erosive burning).
High L/D values tend to generate high mass flow dhfferentials along the grain
length, and may be best served witiaered core orstepped core diameters
(largest nearer the nozzle).

Next -- Propellant Combustion
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Solid Rocket Motor Theory -- Combustion

Propellant Combustion

A rocket motor operates on the basic principlearfvertingheat energy, from
chemical reactions, tkinetic energy. In other words, the heat liberated by the
combustion of propellant supplies the heat endtgy/high velocity exhaust
products exiting the motor have gained kinetic gperhis is why the exhaust
experiences a significant drop in temperature #gvits through the nozzle (as is
shown later), a requirement of the thermodynanaesdf "conservation of
energy".

Combustion is "simply" an exothermic chemical reattTo get the 'ball
rolling’, an external heat source is required (gmito supply the necessary
energy to d@hreshold level. This combustion is represented by a chemica
equation. For example, for 65/35 O/F KN/Sucroseelant, the combustion
equation is given by (reactants -> products):

CiHp01;+ 6.29KNQ, -> 3.80 CQ+5.21 CO + 7.79 HO + 3.07 H, + 3.14 N, + 3.00 K,CO,
+0.27 KOH

where the following compounds are symbolized as:

sucrose solid ([C;,H,,04 4|

potassium nitrate ||solid ||[KNO,

carbon dioxide gas [|CO,
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carbon monoxide ||gas ||CO

steam gas |H,0O
hydrogen gas |H,
nitrogen gas ||N,
potassium carbonaHG’quid K,COq

[potassium hydroxidgiquid][KOH |

Trace quantities of other compounds form, suchldsdad CH, but these can
be ignored with little consequence.

Derivation of the complete combustion equationateptially the most complex
step in the analysis of a rocket motor. The prepelis burned, at (assumed)
constant pressure, and forms a set of moleculalugts that are in thermal and
chemical equilibrium with each other. The firstpste to assume what the
products of combustiomight be. For propellants containing only carbon,
oxygen, hydrogen, and nitrogen (C,H,O & N) ther (@t least) twelve possible
products -- carbon, carbon dioxide, carbon mongxigdrogen, steam, oxygen,
nitrogen, nitric oxide as well as the dissociagwaducts H, O, N and OH. If the
propellant contains metallic elements such as patas(K), sodium (Na), or
aluminum (Al), or contains Chlorine (Cl) , this Wiesult in condensed (liquid or
solid) products of combustion, such as potassiummoreate, (or sodium
equivalents), aluminum oxide or potassium chlo(iKiEl).

Once a set of possible products has been arrivéldeahext step is to determine
the mole numbers (or fractions) that will resulheTmole numbers are the
coefficients in the chemical equation. For the eglenabove, the mole numbers
are 3.67, 5.19, 7.91, 3.09, 3.14 and 3.14 fo,,GXD, H,0, H,, N, and K,CO,,

respectively, for the combustion of the reactamesng 1 mole sucrose and 6.29
moles of KNG,

Determining the mole numbers is accomplished byigkaneously solving a set
of equations relating the reactants and produdts espect to the conditions of :

o Mass balance
e Chemical equilibrium conditions
o Energy balance

Mass balance is straightforward, and refers tqtirecipal ofconservation of

mass. The number of moles of any given element (e.bl,G,N) before a
chemical reaction must be equal to thidér a chemical reaction. In the example
above, the number of moles of atoms in the reastanet
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12 C atoms22 H atoms, 3*6.2929.870 atomsp.29K atoms, and.29N
atoms,

and in the products:

3.67+5.19+3.14%2 C atoms, 2*7.91+2*3.0%2 H atoms, 3*6.2929.870
atoms, and 2*3.146:29(rounded) K & N atoms. The requirement of mass
balance is met.

Many reactants, when mixed in definite quantitreact to form products only,
in a so-calledrreversible reaction. An example is the burning of a propellant
(hence the "->" symbol in the equation). Inegersible reaction, however, the
process goes both ways. Reactants form into predid¢he same rate that
products form into the original reactants. Thithis type of reaction with which
chemical equilibrium conditions of hot combustiaogucts are concerned. For
example, the reaction

2 H2 + O2 <->2 HZO is a reversible reaction see Note 1

But what determines the relative concentratiorhebe constituents (i.e. whether
the reaction will proceed more to the left or te tight in this equation)? For
each equation like this, there isequilibrium constant (Kp) associated with it

that determines this. This constant is a functibthetemperature at which the
reaction is occurring, and is essentially indepahdé other physical conditions,
such as pressure. Values for variOLbscKn be found in thermochemical tables,

such as the JANAF tables.
For the general reversible reaction:
val+vwB v CHw D

the chemical equilibrium equation is of the form:
C‘H: IYD‘VD ( P] ¥ +¥D Ve -vE

- ¥
K= [
Ay

Y Pa
wherey is the equilibrium mole fraction of the A,B,C abdconstituentsy  is

the coefficient for each constituent (2,1, and thmabove example for the
constituents b, O,, and HO).

The term P/Po represents the ratio of pressurdighwhe reaction occurs, and
the reference (standard state) pressure. It sh@uitbted that the equilibrium of
the combustion gases is very sensitive to temperaRroducts existing at a high
combustion temperature are very different from ¢hesisting at a lower
combustion temperature. At high temperatures (aB6@® K),dissociation of

the products occurs, as thermal energy causesadegis to break up into
simpler and monatomic constituents, such as
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HZO <->HO + 1/2 I—é
0,<->20
H2 <->2H

At lower combustion temperatures, negligible quagiof these constituents
form (e.g. for KN/Sucrose combustion). Dissociattmmsumes energy that
would otherwise be available for conversion to kmenergy of the exhaust, and
tends to limit the combustion temperature.

With the stated assumption of adiabatic combugmanheat is lost to the
surroundings) and well as the assumption of no gésim potential or kinetic
energy, the law of conservation of energy statasttieenthal py of the reactants
is equal to thenthalpy of the products:

Hy=H,
Enthalpy can be looked upon as the heat involveddhemical reaction. Put in
another way, consider a reaction involvimgholes of each reactant (represented
by subscript), andn moles of each product (subscrgt

> nfhe+dh], = Zne[hf+ﬁh]e

3 F

The above equation states that the sum of the legtb&formation (k) plus the

change of enthalpy&h ), times the number of molg¢s$qineach constituent, is
equal for both the reactants and the products. thattsh represents the change
in enthalpy from a reference temperature, typic28gK (25C). For this reason,
Ahis equal to zero for the reactants if the initeahperature of the propellant is
assumed to be at this temperature.

Both, i andsh for reactants and products may be foundemtbchemical

tables, for example, the JANAF tables or tH&T Chemistry WebBoak

The above equation is particularly useful, asldves us the means to calculate
the combustion temperature, which is usually refito as thediabatic flame
temperature (AFT). Also, from this equation, it can be seeatth larger heat of
formation of the reactants (per unit mass) is déé, as is a smaller heat of
formation of the products, since this will resuitgreateith available for the
products (thus higher AFT). Indeed, the presenactatbmic gases (e.g.,HN,)

in the products is generally desirable simply beeahe heat of formation of
these gases is zero.

A worked example of calculating the combustion teragure for KN/Sucrose,
65/35 O/F ratio, is given iAppendix A

The above describes a complete set of informahiahis necessary in order to
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determine the complete combustion process. We rawe h series of unknowns
parameters, and equations that will allow for solubf the unknowns. In
summary, the unknown parameters are:

The mole numbers (coefficients) in the mass lz@aguation
The mole fractions in the chemical equilibriunuations

The Adiabatic Flame Temperature

Ah values, these being a function of temperature

The (chamber) pressure at which the reactionreccu

o E

Needless to say, this is not a simple task. The pralctical way to solve the
combustion problem is a computer solution, thatagjtilize an iterative
procedure. This involves first assuming a chambessure at which the
combustion occurs (the results are only weakly ddaet upon pressure). The
iterations of solving the equations begin at ania@esl combustion temperature
(AFT). These two assumptions allow the mole numbesmole fractions to be
determined for those initial conditions. Based logse determined values, a new
AFT is computed using the energy equation. Thisevalf AFT is then used in
the next iteration to compute mole numbers and rratgion, and so on.
Eventually, convergence is (hopefully) reached ttwedfinal solution obtained.
In fact, several years ago | wrote such a compartegram tailored to analyze
the combustion of the KN/Sucrose propellant, ayivay O/F ratios. Indeed, it
was not a small undertaking, but worked out wethi@ end.

Fortunately, it is no longer necessary for therggted amateur rocketry
enthusiast to have to write such a program foctmbustion analysis of a
particular propellant, as there is software avéaldbat will do this job admirably
and with great flexibility -- such as PROPERJIPER, or CET, which will be
discussed later.

Next -- Nozzle Theory
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linal

Last updated July 5, 2001

Back to Theory Index Page
Back to Index Page

http://members.aol.com/ricnakk/th comb.f 21/02/200°



Richard Nakka's Experimental Rocketry - Pagel of 7

Richard Nakka's Experimental Rocketry Web Site

1 ¥

Solid Rocket Motor Theory -- Nozzle Theory

Nozzle Theory

The rocket nozzle can surely be described as titenep of elegant simplicity. The
primary function of a nozzle is to channel and ssrege the combustion products
produced by the burning propellant in such as v&atpanaximize the velocity of the
exhaust at the exit, to supersonic velocity. Timiliar rocket nozzle, also known as
aconvergent-divergenbr deLaval nozzleaccomplishes this remarkable feat by
simplegeometry In other words, it does this by varying the cresstional area (or
diameter) in an exacting form.

The analysis of a rocket nozzle involves the conoéfsteady, one-dimensional
compressible fluid flow of an ideal ga®riefly, this means that:

e The flow of thefluid (exhaust gases + condensed patrticles) is constdrdaes
not change over time during the burn

o One-dimensional flow means that the direction efftow is along a straight
line. For a nozzle, the flow is assumed to be altvegaxis of symmetry

e 1S OF SUMETRY

e The flow iscompressibleThe concept of compressible fluid flow is usually
employed for gases moving at high (usually supec3aelocity, unlike the
concept oincompressibldélow, which is used for liquids and gases moving at
a speeds well below sonic velocity. A compresdiliiel exhibits significant
changes in density, an incompressible fluid doés no

e The concept of an ideal gas is a simplifying asstonpone that allows use of
a direct relationship between pressure, densitytemgerature, which are
properties that are particularly important in azalg flow through a nozzle.

Fluid properties, such as velocity, density, pressund temperature, in compressible
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fluid flow, are affected by

1. cross-sectional area change
2. friction
3. heat loss to the surroundings

The goal of rocket nozzle design is to accelett@ecbmbustion products to agh

an exit velocity as possibleThis is achieved by designing the necessary rozzl
geometric profile with the condition thesentropic flowis to be aimed for. Isentropic
flow is considered to be flow that is dependanyardoncross-sectional area

which necessitates frictionless and adiabatic @et loss) flow. Therefore, in the
actual nozzle, it is necessary to minimize fricéibeffects, flow disturbances and
conditions that can lead to shock losses. In aulditieat transfer losses are to be
minimized. In this way, the properties of the flave near isentropic, and are simply
affectedonly by the changing cross-sectional area as theiitl moves through the
nozzle

Typical nozzle cross-sectional areas of particugarest are shown in the figure
below

IMLET AREA THROAT AREA—EXIT AREA

The analysis of compressible fluid flow involvesif@quations of particular interest:

Energy

Continuity
Momentum

The equation of state

PoONE

The energy equation is a statement of the prinadpt®nservation of energy. For
adiabatic flow between any two pointg,and % , it is given by

hi-hz = }{(WE—WE) = Cp(T1-Tz) N

whereh represents enthalpy of the fluid (which can besatered the energy
available for heat transfen),is the flow velocity in the x-directioni:p is the effective

heat capacityof the fluid, andr is the fluid temperature.

This equation provides valuable insight into hoveeket nozzle works. Looking at
the first two terms shows that the change (decjeasmthalpy is equal to the change
(increase) in kinetic energy. In other words, teddhe fluid is being used to
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accelerate the flow to a greater velocity. Thedthérm represents the resulting
change (decrease) in temperature of the flow. Ha¢ tapacity may be approximated
to be constant, and is a property determined bygdngposition of the combustion
products.

It is apparent, then, that the properties of alf(@.g. temperature) are a function of
the flow velocity. In describing the state of aidlat any point along its flow, it is
convenient to consider tletagnation stat@as a reference state. The stagnation
properties may be considered as the propertiesvtnald result if the fluid were
(isentropically) decelerated to zero velocity (s&agnant flow).

Thestagnation temperaturdo, is found from the energy equation (by settigg0)

to be

"u,u"z

2

To= T+ equation 1

For an isentropic flow process, the following imaoit relationship between

stagnation properties for Temperature, PressucefFand Density hold
k-1

il k-1
To (E} ko [&] equation 2
T F o

wherek is the all-importantatio of specific heats also referred to as tligentropic
exponent defined as
Cp Cp

C v Cp-R

F
1l

Both CIO andR (specific gas constant) are properties deterninyeithe composition

of the combustion products, where R = R'/ M, wHe'es theuniversal gas constant
andM is theeffective molecular weiglaf the combustion products. If the
combustion products contain an appreciable pergerddcondensed phase particles
(smoke), the value of the effective molecular weigh must account for this. As
well, the propek must be used which takes into account two-phase fThe
determination ok andM for the combustion products is detailed in Tleehnical
Notepad #MWeb Page.

The local sonic velocitya, and the Mach numbey), (defined as the ratio of the flow
velocity to the local sonic velocity), is given by

a=.JkRT M:i equation 3

=

From equations 1,2 & 3, the relationship betweenstlagnation temperature (also
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referred to asotal temperatureand Mach number may be written as
To k-1 i
— = 1 + = m? equation 4
T 2

It can be shown from the first and second lawsefrodynamics, for any isentropic
process, that

— = constant equation 5
e

From equations 4 & 5, and from the equation ofestat an ideal ga:p = pRT

the relationship between stagnation pressure; tyeaasd Mach number may be
expressed as given in the following two equations

L

Po  _ [1 LSRRy 2] k- equation 6
2
1
o0 [1 MELERIVEY LN equation 7
& 2

Equations 4, 6 & 7 are particularly useful, as ¢heow each property to be
determined in a flow if the Mach number and thgsétion properties are known.
The stagnation (or total) properties To, Po, #idare simply the properties that are

present in the combustion chamber of the rocketesihe flow velocity is
(considered to be) zero at this location. In otherds, To is the combustion
temperature of the propellant (AFT), Po is the chenpressure, ar 2 ; is the

density of the combustion products under chambeditions.

Another important stagnation property is gtagnation enthalpyThis is obtained
from the energy equation (by setting-0)

:
he = h+ equation 8

Physically, the stagnation enthalpy is the enth#tgy would be reached if the flow
(at some point) were somehow decelerated to zdozite It is useful to note that
the stagnation enthalpy é®nstantthroughout the flow in the nozzle. This is also
true of the other stagnation properties (tempeeafessure, and density).

The second of the four equations of interest raggrdompressible fluid flow, as
discussed earlier, is the continuity (or conseoratif mass) equation, which is given

by
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o Aw =constant = 57 A wT equation 9

whereA is the nozzle cross-sectional areg the velocity of the flow. This equation
simply states that the mass flowing through thezleomust be constant. The

"star" (asterisk) signifies a so-calledtical condition, where Mach number is unity,
M=1 (flow velocity is equal to the speed of sourith)e importance of the critical
condition will soon be made apparent.

Taking equations 3, 4, 7 & 9, it is possible toregs the area ratio, A/A*, in terms of
the Mach number of the flow. The area ratio is $yntipe cross-sectional area at any
point (x) in the nozzle, to the cross-sectionabambere the critical condition exists
(M=1)

2 equation 10

When a plot is made of A/A*
versus Mach number, using
this equation, a very
interesting result is obtained!
It clearly shows that a
k=1.4 (air) converging-divergingpassage
with a section ofninimum
areais required to accelerate
the flow from subsonic to
supersonic speed. The critical
point where the flow is at
sonic velocity (M=1 at
A/A*=1) is seen to exist at the
2 throat of the nozzle. This
hach no. shows the importance of the
nozzle having a diverging
section -- without it, the flow
could never be greater than
sonic velocity!

ASAT
—  ka L R N & B .7

Supersonic flow is attained only through the divergng portion of the nozzle
Since the Mach number can be determined by knothiegrea ratio, it is now
possible to plot the variation of the temperatpressure and fluid density
throughout the nozzle, by use of equations 4, 6 & @lot of these properties is
given inAppendix G for the Kappa nozzle.
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From equations 8 & 9, the flow velocity at the nezzxit can be expressed as
We = ,\, 2 (hx - hejl + z equation 11

where subscripte andx signify exitand any poink along the nozzle axis,
respectively. This equation can then be put inéoféin more useful form with the aid
of the energy equation and the definitiorkpas well as equation 2.

k-1

_ R r _[Pel equation 12
W QTG[H] [ﬁ) 1 [ﬁ] q

This equation is one of the most useful, as ivedlthenozzle exit velocityto be
calculated. In summarizing, it is necessary to know

o k, effective ratio of specific heats of the exhgustducts, obtained from the
combustion analysis. For the condition of two-phié®e, the value must be
modified, as explained in thevo-Phase Flowrheory Web Page.

e R'is the universal gas constant (R' = 8314 N-m/kKijol-

e M is the effective molecular weight of the exhausidpicts, obtained from the
combustion analysis, and must take into accounptésence of all condensed-
phase species.

e T, is the combustion temperature of the propelldsg abtained from the

combustion analysis
o P, andP_ are the nozzle exit pressure and the chamber pesssspectively.

For most amateur rockets, €an be taken as ambient atmospheric pressure: Pe
= Pa =1 atmosphere, hay be the measured chamber pressure, design

chamber pressure, or the calculated chamber peeéser "Chamber Pressure”
section of Theory Pages).

A better understanding of the nozzle behaviour bwgbtained by looking closely
that this equation. It may be seen that

» Maximum exhaust velocity is obtained when exhagsiirto a vacuum (P=

0). This is the so-calleifinite pressure ratio, Po/Re
¢ Increasing the chamber pressure doasignificantly increase the exhaust
velocity. If k=1.2, then it is found that doublif®y from 35 atm. (515 psia) to

70 atm (1030 psia) increases the exhaust velogitynty about 7%.

¢ A higher combustion temperatuaed aower effective molecular weighte
both significantly and equally beneficial, beingportional and inversely
proportional to the square root power, respectively

o Although not obvious by looking at this equatidme effect of changing the
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value ofk is not too significant. A change from k=1.1 to K2tesults in a
velocity loss of about 7%.

The ratio between the throat area, A*, and any dbkgam area in the nozzle, /at
which pressure Pprevails can be conveniently expressed as a fimofi the
pressure ratio, P/P,, andk. By noting that at the throat M is unity, and @sin
equations 2, 3,4, 7 & 12, leads to

EEI =1
AT (k N 1}“'1 (&) “ [k N 1) 1_ [&j “ equation 13
A 2 Fa k-1 Fo

This is another important and useful equationlldt:es the exit area, 4 to be
calculated such that the exit pressurgi®equal to the ambient pressure, Pa
(typically 1 atm.), by simply substituting, for P, .

1 1 k-1
AT _ [k+ "j“ [F’_ej “ [‘“"j 1- [F’_ej “ equation 14
Ao 2 P, k-1 P,

This is known as theozzle design conditionFor such a conditiomaximum thrust
is achievedderivatior). For this design, the area ratiq A* is known as the all-

importantOptimum Expansion Ratio.

For a highly informative explanation on convergdivergent nozzle operation, in
particular choked flow and shock formation, vikié Nozzle Appletvebsite (includes
a simulation).

Next -- Rocket Motor Thrust

1]
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Solid Rocket Motor Theory -- Thrust

Rocket Motor Thrust and theThrust Coefficient

The thrust that a rocket motor generates is the most fundamental yardstick of
performance. Without a doubt, this parameter is foremost in the mind of any amateur
rocket motor designer. Thrust, being the force that a motor exerts, is what propels a
rocket into (and beyond) the "wild blue yonder"!

Thrust is generated by the expelling of mass (the exhaust) flowing through the nozzle
at high velocity. The expression for thrust is given by

F=[PdA = mve+t(Pe—Pa)Ae equation 1

where the left hand term in the equation represents the integral of the pressure
forces (resultant) acting on the chamber and nozzle, projected on a plane normal to
the nozzle axis of symmetry, as shown in the figure.

R SRRk
j— — %E _________ gﬂnmaga____Mg_.

T ey

The internal pressure is highest inside the chamber and decreases steadily in the
nozzle toward the exit. External (atmospheric) pressure is uniform over the outside
surfaces.

In the first term on the right-hand side of the equation, m is the mass flowrate of the
exhaust products and v, is the exhaust velocity. The second term on the right-hand
side is the so-called pressure thrust, which is equal to zero for a nozzle with an
optimum expansion ratio (Pe=Pa); 4, is the nozzle exit area.
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Considering continuity (conservation of mass) at the nozzle throat, equation 1 may be
rewritten as

F=p® A" v ve + (Pe-Pa)Ae equation 2

This expression can now be modified using some equations that were presented in the
Nozzle Theory Web Page, that is, the expressions for

* Fluid density ratio (noting that at the throat M=1), po/ p (eqn. 7)
e Critical (throat) flow velocity, v* (eqn. 3, noting that v*=a)

e Nozzle exit velocity, ve (eqn.12)

e and the equation of state for an ideal gas, p = pRT

gives
, 1 =]
k-1 e} K
F= A%po 2K [ - j 1—(P—] + (Pe=Pa) A
k-1 \k+1 Po
equation 3

This equation shows that, if the pressure thrust term is zero, thrust is directly
proportional to throat area, A*, and is nearly directly proportional to chamber
pressure, Po.

This is particularly interesting. This means that if the throat size is doubled, the thrust
will be doubled (if the chamber pressure is maintained). The same holds for the
chamber pressure -- if it is doubled, thrust is approximately doubled. In reality, things
are not so simple, as throat size and chamber pressure are tied together, as will be
explained in the Theory Page on Chamber Pressure. This means that doubling a throat
size would likely involve significant design changes, such as an increase in grain
burning area. Likewise, if pressure is to be increased, the casing would have to be
made stronger.

Thrust is also seen to be proportional to

e Pressure thrust (additive term, may be positive or negative)

e Ratio of specific heats, k. The sensitivity to k is quite low. For example, the
difference in calculated thrust for k=1.4, compared to k=1.0, is a decrease of
14% (for a pressure ratio of Po/Pe=68).

e Pressure ratio across the nozzle, Pe/Po, as shown in the chart:
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This chart plots the
thrust ratio, F/Fmax, to
the pressure (or

Effect of Pressure Ratio on Thrust expansion) ratio, where
g 10 Fmax is the thrust that
; 08 1 could be obtained with
L;_ og 4 an infinite expansion
= ratio (i.e. expanding into
x 047 a vacuum, with Pe=0).
S 024 In the chart, the
= 4 ; ; ; ; ; ; ; indicated thrust, F,

0 s 10 15 20 25 30 35 4n | excludes the pressure
thrust term.The total
thrust produced is given
by Frotal=F + (Pe-Pa)
Ae.

Pressure ratio, Po/Pe

The pressure ratio of the nozzle is determined solely by the area ratio, A*/Ae, as
given by equation 14 of the Nozzle Theory page. What does this plot tell us?

e If'the pressure ratio (and thus expansion ratio) is 1, then F = 0. The only thrust
produced by such a nozzle is the pressure thrust, or Frotal = (Pe-Pa)Ae. Such a
nozzle, of course, would have no divergent portion, since A*/Ae=1, and would
be a badly designed rocket nozzle!

e The slope of the curve is very steep initially, then begins to flatten out beyond
Po/Pe = 5. This is significant, as it indicates that even a nozzle provided with a
minimal expansion will be of significant benefit. With such a pressure ratio of
5, the resulting thrust is about 60% of maximum theoretical. From equation 14,
it is found that the required area expansion ratio is only Ae/A* = 1.38 (for
k=1.2), which translates to a required nozzle exit-to-throat diameter ratio of
less than 2 !

The degree to which the thrust is amplified by the nozzle is quantified by the Thrust
Coefficient, Cf, and is defined in terms of the chamber pressure and throat area:

F= Cf A* Po equation 4

The Thrust Coefficient determines the amplification of thrust due to gas expansion in
the nozzle as compared to the thrust that would be exerted if the chamber pressure
acted over the throat area only. Equation 4 is useful, as it allows for the experimental
value of Cfto be obtained from measured values of chamber pressure, throat
diameter, and thrust. The ideal value of Cfis calculated from equations 3 & 4, and
shown below as equation 5:
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k+1 k-1
2 k-1 Tk - a e
G- |2 (2)7 (27| 4 BecPaA
k-1 \k+1 Pe Po A”
equation 5

A KN/Sucrose motor equipped with a well designed nozzle will deliver a Cf of about
1.5 under steady-state conditions. Ideal Cf for the same motor would be around 1.65.
A large fraction of the loss is due to two-phase flow inefficiencies.

As a final note, it should be pointed out that the equations for thrust and Cf (eqns. 3 &
5) require that & be corrected for two-phase flow.

Next -- Rocket Motor Impulse

1|
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Solid Rocket Motor Theory -- Impulse and C-star

Total Impulse

Althoughthrust is an important yardstick for characterizing titecapability of
a rocket motor, it provides no indication of thewhioigh the rocket will be
propelled. For this, one needs a measure adfothkoutput in terms of
propulsion capability. The essential yardstick far this is thelTotal Impulse

of the rocket motor, which incorportates the esaéatement of time, or thrust
duration.

Total Impulse is defined as the time integral & thrust over the operating
duration of the motor:

L I“F &t equation 1
0

and is represented by the area under the thrustdumve:

7.0 -
6.0 - T
A0 1
Z 4.0 -
g 10 4 TOTAL
= IMPLUILSE |
1.0 - \
0.0 . . . .
0.0 0.5 1.0 1.5 2.0
Time [(sec.)

Figure 1 -- Thrust -time curve for a typical motor
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Units are those of force multiplied by time, tygiggoound-seconds (Ib-s) or
Newton-seconds (N-s).

It is important to note that the Total Impulse oaltells part of the story
regarding a motor's capacity to propel a rockewsky. For example, a motor
that delivers a Total Impulse of 200 Ib-s may pdevan average thrust of 100 Ib.
for 2 seconds (100 Ib. x 2 s = 200 Ib-s), or mawdea thrust of 25 Ib. for 8
seconds (25 Ib x 8 s = 200 Ib-s), as shown in [EiQuBoth deliver the same
Total Impulse, which is usually abbreviated |

120
100
80
]
40
20
1l

Thrust k)

] 2 4 G a 10
Time (sec)

Figure 2 -- Two thrust-times curves with identitathl impulse

The altitude achieved will differ to some extenithathis effect being more

significant as the thrust/mass ratio drops. Theenpponounced difference will

be with the rocket's acceleration, since initialederation is given by:
a=F/m-g equation 2

where F = thrust, m = rocket liftoff mass, and gceeleration of gravity. With
lower acceleration, the longer it takes for theketdo achieve a velocity at
which the fins provide effective stability. Andtine extreme case, if the thrust is
less than the liftoff weight, the rocket will noten leave the launch pad,
regardless of the motor's Total Impulse!

Characteristic Velocity

Thecharacteristic velocity, also calleat-star or simplyc*, is a figure of
thermochemical merit for a particular propelland amay be considered to be
indicative of thecombustion efficiency. The expression for ideal c-star is given in
equation 3, and is seen to be solely a functiah@products of combustiok, (

M, To).

equation 3
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The value used fde should be that for the mixture of gases and coseltn
phase, as shown in ti@chnical NotepadlVeb Page.

The delivered Specific Impulse is related to c-atafollows:
Isp=c*G/g equation 4

where c* accounts for the influence of the comlmmstind € (thrust coefficient)
accounts for the influence of the nozzle. As sa&hmay be considered to be
analagous to the specific impulse with fa=T.

The delivered c-star may be obtained from a rook&br's pressure-time trace,
being given by time integral of chamber pressurer e burn, multiplied by the
ratio of throat area to propellant mass, as shown:

th

pe_ At Pit) dt equation 5

For the KN-Sugar motors, the deliverd c-star hasdeund to be in close
agreement with the calculated value, indicatindnldgmbustion efficiency.

Specific Impulse

The Specific Impulsethat a propellant is capable of producing (eitheoretical
or "delivered") is the key "yardstick" of perforn@mnpotential. In its basic form,
Specific Impulse can be considered to relatehhest produced by aunit mass
(e.g. 1 Ib or kg) of propellant overarning time of one second. As such, the
units of Specific Impulse would be Ib-s/lb or N-g/kn the former set of units,
the "Ib" can be considered to cancel, giving theemamnventional units of
"seconds". For the latter set of units, divisiorBpkcific Impulse in N-s/kg by
the accleration of gravity, g (9.806 metre/s) risin the more conventional
"seconds".

Delivered Specific Impulse produced by a motor, for exampben static test
measurements, is obtained from the expression:
Isp = It/ wp equation 6

where wp is the propellant weight (Ib or kg x g).
Delivered specific impulse has a dependancy upon:

mass flowrate, and thus on motor size
available combustion energy of the propellant
nozzle efficiency

ambient pressure conditions

heat loss to the motor hardware
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o two-phase flow losses
e combustion efficiency

These factors are discussed in detail@bea ections for " Actual” Rocket Motors
Theory Web Page.

Theldeal Specific Impulseof a rocket propellant is calculated usexuation
12 of theNozze Theory Web Page, which expresses exhaust velocity, Ve, in
terms of the flow properties and the pressure r&iince Ve = c* € ideal Isp
can be determined from equation 4:

k=1
_1 R ¢ [P} equation 7
Lo~ zTD[H] ()] [ﬁ] q

where k, M, To, Pe and Po are all defined inNlogzle TheoryWeb Page. This
equation is utilized to calculate the Ideal Spedifnpulse for the KN/Sugar
propellants, as shown in tAechnical Notepad Web Pages.

Next -- Rocket Motor Chamber Pressure

1F==|
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Solid Rocket Motor Theory -- Chamber Pressure

Chamber Pressure

The Chamber Pressure that a rocket motor devesopfscrucial importance with regard
to the successful operation of a rocket motor. ddy does Chamber Pressure strongly
influence propellant burn rate, thermodynamic éficy and thrust, the Chamber
Pressure structurally loads the rocket motor caaimyclosures to a critical extent.
Understanding the nature of Chamber Pressure gererand accurate prediction of
such, is one of the keys to successful rocket nasign.

What causes pressure to develop inside the chamflberocket motor? What determines
the magnitude of this pressure? Intuitively, thesgure buildup is a result of the
combustion of the propellant grain, whereby theegasgoduced hasten to escape through
the nozzle throat. If the throat is sufficientlyainthe gases cannot escape quickly
enough and the accumulation of gases in the charabelts in pressurization.

In actuality, the intuitive explanation is esselhtiaorrect. However, an important factor
that determines thmagnitudeof chamber pressure is not at all intuitive -- toacept of
choked flowThis concept provides for a convenient meanskoutate chamber pressure,
and is valid for both transient and steady-statdesf motor operation, as discussed
below.

By looking at a plot of Chamber Pressure over therating duration of a rocket motor
(Figure 1), one sees that there are three disiimttimportant phases of operation:
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Figure 1 -- Motor chamber pressure

The pressure curve of the rocket motor exhifbéesientandsteady-statéehaviour. The
transient phases are when the pressure variesastibfy with time -- during the ignition
andstart-upphase, and following complete (or nearly complgt@)n consumption,
when the pressure falls down to ambient level dytiretail-off phase. The variation of
chamber pressure during the steady-state burniagepis due mainly to variation of
grain geometry (burning surface area) with assediaurn rate variation. Other factors
may play a role, however, such as nozzle throai@ncand erosive burn rate
augmentation.

First of all, the start-up and steady-state presptiases will be considered. The start-up
phase is hypothetically very brief, although inlitgaignition of the complete grain does
not occur instantaneously. The actual duratiomefstart-up phase is strongly dependant
upon the effectiveness of the igniter system engioy

The steady-state phase clearly dominates the dperdbrmance of the motor, and as
such, constitutes thaesign condition

In determining the start-up pressure growth, aedstbady-state pressure level, it is first
noted that the rate @ombustion product generatiamequal to theate of consumption

of the propellant graingiven by:

fMe= & pp I equation 1

where £p is the propellant density,tAs the grain burning area, ands the propellant
burn rate (surface regression rate).

It is important to note that the combustion produnty consist of both gaseous and
condensed-phase mass. The condensed-phase, whithstsitself as smoke, may be
either solid or liquid particles. Only the gasepusducts contribute to pressure
development. The condensed-phase certainly doegves, contribute to the thrust
(overall performance) of the rocket motor, duetsamass and velocity, as shown in
equation lof theThrust Theory Web page.
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The rate at which combustion products are incrghsstored within the combustion
chamber is given by:

dM_ d
dt ot

e dpn
+ L
dt dt

[p-:- U-:-) = |
equation 2

where Fo is the instantaneous gas density in the chambéiais the instantaneous
gas volume (which is equal to the free volume witthie chamber).

The change in gas volume with respect to time igktp the change in volume due to
propellant consumption, given byaldt = Ab r. This leads to:

AL dp-:-

2 o e Aur 41 equation 3
aw - e dt

The rate at which combustion products flow throtlgghnozzle throat is limited by the
condition ofchoked flowAs described in thBlozzle TheoryWeb Page, the flow
achievesonic(Mach 1) velocity at the narrowest portion of temvergent-divergent
nozzle (throat). Flow velocity, at this locatiomncnever exceed the local speed of sound,
and is said to be in@éhokedcondition. This allows us to determine the rateslaich the
combustion products flow through the nozzle is gitsg equation 4: (for derivation, see

TheoryAppendix D)

tm, = Fo A*

L+l i
Ir ( 2 ]zck—n equation 4

RT. v\k+1

Note that R = R/ M, wherR'is theuniversal gas constapandM is theeffective
molecular weighof the combustion products. Mass flow rate throtighnozzle is seen
to be a function of the chamber pressure (whickrdenes the flow density), throat area,
and the gas properties (which establish sonic itgoc

The principle of mass conservation requires tharizd betweemass generation rate
and the sum of the rates at whitlass storagen the chamber anoutflow through the
nozzle

Mg= —— + equation 5
dt

Substituting equations 1 & 3 into equation 5 gives:

dpe equation 6

— Do AT + Lo +I'hn
Anpp = Py at

Propellant burn rate may be expressed in termiseofthamber pressure by the Saint
Robert's law (seBropellant Burn Rat&Veb Page):
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r=apR" equation 7

wherea andn are the burn rate coefficient and pressure exgonespectively.
Substituting equations 7 & 4 (mass flowrate thronghzle) into equation 6 leads to the
following equation:

dpe i :
Avpp al™ = Avpoa ™ 4+ e Pe 4 Fa A7 K ( 2 jzck-n equation
dt RTe \k+1

8

From theideal gas lawthe density derivative in the above equation bm&gxpressed as:
dp. _ _1 dPo equation 9
dt RT. dt

As well, considering that chamber temperatiiteg s essentially independent of chamber
pressure, equation 8 may be re-written as:

e dFs
ET. dt

L+l
n k 2 l7aD equation 10
= Aral [pp—po)— P, A* ET. [mj q

This is a particularly useful equation, as it aldoms to determine the rate of change of
chamber pressure (Rt ) during thdransient start-up phaseof motor operation,
where the chamber pressure is rapidly climbingouiiné operating steady-state level.
Once the steady-state phase is reached, when tift@ioaf combustion gases is in
equilibrium with the production of gases from pritgyet consumption, d#? dt = 0, and
the left-hand side of equation 10 vanishes. Thadstestate chamber pressure may then
be expressed as:

il 2 pe
AF L+
LR
ETe \lz4+1

Note that the combustion product density term lesldropped, as it is small in
comparison to the propellant density.

Equation 11 may be greatly simplified by use ofattn 7, letting k = Ab /A* and by
noting that the characteristic exhaust velocitgt@r) is given by:

Fo = equation 11
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b+l

()
le+1

This leads to the simplified expression $bdeady-state chamber pressure

Fo= Enpprc* equation 12

wherer is the burn rate at the chamber presdese,

The third and final phase of the pressure cunetdii-down phase, ideally occurs
immediately after the propellant grain has beengdetely consumed. In actuality, slivers
or fragments of propellant grain remain once thi& btithe grain has been consumed.
This results in a pressure tail-down that is maeglgal than for the ideal case. However,
it is impractical to account for this effect, ame tail-down pressure is determined on the
assumption that the grain has been fully depleted.

After burnout , when A= 0, equation 10 becomes

*
Lo db B equation 13

ET. dt c*

This differential equation may then be solved tpregstail-off chamber pressureas a
function of bleeddown time for choked flow:

RT. A% t} equation 14

F. = Fro ex
p[ g ¥

where Bo is the chamber pressure at burn-out aisdhe time from burn-out. The
pressure is seen to exhibit exponential decay.

In addition to the consequence of sliver burningrdytail-off, nozzle slaggingyill tend

to make the pressure decay more gradual than peddiy equation 14. Nozzle slagging
is the tendency of condensed-phase (in particiglaid matter) to accumulate around the
throat, effectively reducing the diameter. Slaggsgore significant during tail-off due
to the dropping pressure level and lower exhaustitg.

An example of steady-state chamber pressure cttmuldor the Kappa-DX motor, is
provided inTheory Appendix E

Next -- Two-phase Flow
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Solid Rocket Motor Theory -- Two-phase Flow

Two-phase Flow

Most solid rocket propellants produce combustiardpcts that are a mixture of
gases andondensed-phagmrticles (either liquid or solid) which is evideag
visible smoken the exhaust plume. Those propellants contaimetgals, such as
aluminum or magnesium, generate oxides of the siagmtondensed-phase
combustion products. Metallic-compound oxidizetghsas potassium nitrate
(KN) or potassium perchlorate (KP), generate coaddfphase products of
particularly high molecular weight, which is ratherdesirable. The KN-Sugar
propellants produce a dense white cloud of potassarbonate smoke. In fact,
approximately 44% of the exhaust mass is solidenatt

The occurrence of solids or liquids in the exhdestls to a reduction in
performance for a number of reasons:

¢ This portion of the combustion mass cannot perfany expansion work
and therefore does not contribute to acceleraticgheoexhaust flow.

o The higher effective molecular weight of these jpicid lowers the
Characteristic Velocity (c*).

o Due to thermal inertia, the heat of the condenseabe is partly ejected
out of the nozzle before transferring this heaghsurrounding gases, and
is therefore not converted to kinetic energy. Thiknown agarticle
thermal lag.

o Likewise due to the relatively large mass of thaiples (compared to the
gases), these cannot accelerate as rapidly asfoeisding gases,
especially in that portion of the nozzle where flagceleration is
extremely high (throat region). Acceleration of ffeeticles depends upon
frictional drag in the gasflow, which necessitaeadifferential velocity.

http://members.aol.com/ricnakk/th 2phf.h 21/02/200°



Richard Nakka's Experimental Rocketry - Page2 of 5

The net result is that the condensed-phase pargéciie the nozzle at a
lower velocity than the gases. This is referreddparticle velocity lag.

In terms of the rocket performance parametersptasence of condensed-phase
products is reflected in a reduced Characterisélotity, due to the higher
effective molecular weight of the gas/particle et

The ideal Thrust Coefficient,fCon the other hand, is enhanced with increasing
particle fraction, a consequence of a reducedlue. However, the delivered C
suffers significantly, due to thermal lag and vélptag. This is probably the
largest single efficiency loss experienced by aomaith a significant fraction

of particles in the exhaust. Such is especiallg tkith a an underexpanded
nozzle (e.g. divergent portion undersized). Theaag@mt importance of having a
good divergent portion of the nozzle is clear bgraming Figure 3, which

shows the variation of ideal Thrust Coefficient fiow through the Kappa

rocket motor nozzle. The nozzle is designed witlear-ideal expansion ratio of
Ae/At = 11.4, which gives an ideal Thrust Coefficientldd9. However, if the
nozzle had been truncated at the throat (red ddstedthe coefficient would
only be 0.62. The divergence therefore factorshepdeal thrust by a factor of
2.73 ! Of course, the "delivered" values are propdss pronounced than the
ideal values. The delivered Thrust Coefficienttfos motor is about 1.5. It is

not known what the delivered Thrust Coefficient Wbl for a truncated

nozzle, as this configuration has not been tested.

+ 200
T 1.75
+ 1.50

0.0o
Figure 3 -- Ideal €for two-phase flow through Kappa nozzle

Another factor that is important with regard to tploase flow losses is the
nozzle contoyrespecially at the throat region. Figure 4 illags the flow
acceleration for the Kappa nozzle. The acceleratidhe region of the throat
(red dashed line) is extremely high, especially &is where it is maximum.
Most of the particle lag, which is a strong funaotmf acceleration, occurs in this
region, thus the importance of designing a nozalk awell-rounded contour at
the throat, without any sharp changes in crossesect
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Figure 4 -- Gas/particle acceleration for two-phié®e through Kappa nozzle

Thesize of the rocket motass well axondensed-phase particle sizeth play
an important role with regard to the influencewbiphase flow effects. This is
illustrated in Figure 5, which plots the fractioh@haracteristic Velocity loss

with respect to:

e Motor size (thrust)
o Particle size

Note that the mass fraction of particles in theaesdh for this study was X =
0.25. For the standard KN-Sugar propellants, X440.

01

e

throat

L] Ep=3np
% o o6 ¥=025
= Fo = 1000 psi
2
B 0, 04
.,
Q 03— -

L ' - ‘v-.__“_‘
ﬁ-;_""‘l" ------- I—\11_' I i
1?1t 1 10 1w

E (throat rad)
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wonon o gl 108
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Figure 5 -- Influence of motor size and particleeson c*
Ref. Dynamics of TwBhase Flow in Rocket Nozz|éRS Journal, Dec.1962
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For example, for a 100 Ib. thrust motor, the maidfers a 6% loss in
Characteristic Velocity if the average particleesiz 1.5 micron, as shown by the
red dashed line.

It is clear from this plot that for amateur expegimal motors, which are
typically of 1000 Ib. thrust or less, that two-pbadew losses can be significant,
but can probably be disregarded for large "protesdl’ motors.

How is two-phase flow taken into account with retr motor performance
calculations, such as those presented in the preg@tieory Pages? | asked
myself that very question when | began researctiiadKN-Sucrose propellant
from a theoretical performance aspect, back in 4883n | began work on my
B.Sc. thesisolid Propellant Rocket Motor Design and TestiAlj the

equations in Sutton and other textbooks seemeghtwre the existence of
particles in the exhaust, but | knew that | coubd ignore this, not when the
propellant exhaust contains 44% solid matter! Afteich consternation, |
eventually managed to find a couple of books, angharticular, ARS Journal
articles, that touched on this topic. | ended udesgving all the pertinent
performance equations from basic principles, thaderthe necessary
modifications to account for the presence of cosddmhase. A key assumption
required was that the particles flow at the santecity as the gas (i.e. no
velocity lag), so the modified equations represantipper limit on performance.
The details are too involved to present here,witl bnly present the final
outcome, which fortunately, is quite simple. Atuins out, the gas-particle
mixture behaves like a gas with a modified isentr@éxponentk. All the
fundamental equations remain the same and aredpflicable to two-phase
flow, with the only modifications being:

1. Molecular Weight, M, must take into account the presence of the
condensed-phase by calculating ¢fiective Molecular Weightvhich is
obtained by dividing the system mass by the nurobearoles ofgasin the
system.

For example, if the system mass is 100 grams andumber of gas moles
Is 2.3819, then:

100
23819

= 4198 oimole

2. The modifiedsentropic exponenttakes two forms, one for conditions
where flow velocity (or actually, acceleration)asv, and the other for
conditions of flow with high acceleration. Where\il acceleration is low,
such as in the combustion chamber,

k = Cpmix ’
Cpmix-R

equation 1
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where @, ., is theeffective specific heat of the gas & solid mixtanelR
is the universal gas constant. The method of catiig G, is provided

in theTechnical Notepadlveb Page.
This is the form ok to be used, therefore, when calculatohgmber
pressureandCharacteristic Velocity.

mix

Where flow velocity and acceleration are high, ibain the nozzle:

Cs
1+
k = k' CPoss equation 2
1 koy =8
i Cpgas_

wherek' is the isentropic exponent for tgas only mixture ) = X /(1-X),
where X is the mass fraction of particles in thhaast.Csis the specific
heat for the solid (or liquid) mixture in the exlsguand @ . is the

gas
specific heat for the gas only mixture.

The derivation of this form of modified isentroggponent assumes a frozen
flow condition where no thermal or velocity paréidag is assumed to exist, and
Is based on the momentum and energy equationssfadysisentropic flow.
Additional details on the calculation of this maeldf isentropic exponent may be
found in theTechnical NotepaldlVeb Page and in the ARS Journal article
"Recent Advances in Gas-Particle Nozzle Flp®sF. Hoglund, May 1962.

This is the form ok to be used, therefore, when calculatibxdaust velocity,
Thrust, Thrust Coefficient and the other nozzle flow parameters.

For those interested in more of the theoreticattment of two-phase flow, I'd
suggest perusingolid Propellant Rocket Motor Design and Testivigch is
available for downloading in PDF format.

Next -- Corrections for Actual Motors

1| =]
L5

Last updated August 19, 2001
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Solid Rocket Motor Theory -- Corrections for Actual Rocket Motors

The preceding Web Pages dealing with solid rock&bntheory consider the
analysis of amdeal rocket, which of course, does not exist. The ideal rocket
represents the maximum performance condition thialidcbe attained if it were
not for real-world factors and other approximatitimst lead to performance
reductions imactual solid rocket motors. These are accounted for bygusi
variouscorrection factors in the design or analysis of a rocket motor.

Chamber Conditions

Combustion efficiency and heat losses through iz@nber wall both tend to
produce a lower chamber pressure than predictédemyy. Solid propellant,
however, typically has a high combustion efficieifoyell mixed and the
oxidizer particle size is very fine. A measurelw# tombustion efficiency of a
propellant can be taken by comparing the measulai/¢red) value of
characteristic velocity (cee-star) to the idealreal

*_
T'l [
¥

The delivered value of cee-star can be obtainad freessure measurements of
static test results:

or measured by "closed vessel" combustion of plapesamples.

For well-prepared sugar-based propellants, the cstrdn efficiency has been
measured to be between 98 and 99%. To some déigeesgmbustion efficiency
is a function of the motor size. Motors with longembustion chambers provide
more time for the chemical reactions to occur beftispelling through the
nozzle.
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Heat loss through (or into) the chamber walls $® @lependant upon motor size,
as well as casing material and wall thickness.example, a larger sized motor
with a thin-walled steel casing would have mucls lesat loss than a small
motor with relatively thick walled aluminum casirtgowever, the overall
detrimental effect is probably insignificant fortho

The chamber pressure has a pronounced effect apgraopellant specific
impulse, particularly at the lower pressure regiageshown in the figure below:

Yariation of [deal Specific Impulse by Chamber Pressure
200 KM-Sucrose
— 180 -
[
5 160 4
o 140 A
=120 -
1':":' T T T T
a 400 800 1200 1600 2000
Chamber Pressure (psi)

As amateur experimental rocket motors typicallyenakiort burn times, a
significant portion of the total impulse may reduttm the pressursgtart-up or
tail-off phases of the burn, when the chamber pressurdlibelew the steady-
state operating pressure level. As a result, tta delivered specific impulse
suffers. This is one reason why delivered speatijgulse can be lower than
ideal, which is based on constant steady-statesyregusually referenced at

1000 psi). The extent of loss, designateds highly dependant upon the motor
burn time and pressure-time profile, but may beds%reater. Thus a typical

pressure correction factor would ge= 0.95.

Nozzle Corrections

The flow through a real nozzle differs from thataofideal nozzle because of
frictional effects, heat transfer (particularlytiaé throat), imperfect gases and
incomplete combustion, non-axial flow, nonuniforynitf the fluid, and particle
velocity and thermal lag.

Conical nozzles are used almost exclusively for amateuoraptiue to the
relative simplicity in manufacturing such a noztenozzle theory, flow is
assumed to be one-dimensional (axial). In a comoatle, the flow is two-
dimensional, with the extent of the non-axial vépdependant upon the

divergence cone half-angl@, The correction factor for non-axial flow is given
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by:
A =% (1+ coxx)

This loss is usually quite small, with typical vasubeingh = 0.99 for a 12
degree half-angle ardd= 0.97 for a 20 degree half-angle.

Thedischarge correction factor is used to express how well the nozzle design
permits the mass flow rate through the throat fwregch the theoretical rate, and
is given by the ratio of delivered mass flow ratedeal mass flow rate:

The most significant design parameter which deteesithe discharge factor is
the contour at the entrance region of the throatiell rounded contour tends to
maximize the actual flow rate. For propellants tate a significant fraction of
particles in the exhaust, good contouring minimizeseleration of the flow at
the entrance, thus minimizing the two-phase flogslassociated with particle
velocity lag.

Certain factors tend tmcrease the actual mass flow rate in comparison to the
idealized mass flow rate. These factors include

o heat transfer of the fluid to the nozzle wallsdieg to decrease the flow
temperature, increasing the density.

o the specific heat ratio and other gas propertiengé through the nozzle
in such a way as to increase the discharge factor.

Consequently, for a rocket motor that has no coselgiphase products in the
exhaust, the discharge correction factor may bgedo unity. However, for a
rocket motor that utilizes a propellant with a kfgaction of condensed-phase
products (such as the KN-Sugar), the losses cauibe significant, even with a
well contoured nozzle entrance. The value of tiseldirge correction factor

would typically beCd = 0.90 for this propellant with a well designedznle with
smooth flow surfaces and minimal heat loss.

Corrections for Specific Impulse

The Ideal Specific Impulse must be corrected taiolthe Delivered Specific
Impulse of an actual rocket motor, by applying ¢berection factors discussed
above:

http://members.aol.com/ricnakk/th corr.h 21/02/200°



Richard Nakka's Experimental Rocketry - Paged of 4

Ip=n*crcaily

As an example, thEappaDX rocket motor, powered by the KN/Dextrose
propellant, has the following correction factors:

o Combustion efficiency correction facton* = 0.98

e Chamber pressure correction factor ¢p=0.95 (estimated)
o Nozzle discharge correction factor (d=0.91 (estimated)
« Nozzle divergence correction factor A =0.99

As the Ideal Specific Impulse is Isp = 164 sec. 0@Lpsi), the Delivered

Specific Impulse is given by:
Ip = (0.98) (0.95) (09D (099) 164 =138 sec.

Next -- GUIPEP : Propellant Performance Software

1]
linal

Last updated August 19, 2001
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Solid Rocket Motor Theory -- GUIPEP

Introduction
Analysis Assumptions

Using GUIPEP

GUIPEP Output
Comparison of Performance Equations to GUIPEP

Limitations of GUIPEP

Introduction

This Web Page is intended to serve as an intrastutdi theGUIPEPsoftware, which is basically
PROPEP software (PC version of the Propellant Exeln Program) with a Graphical User Interface
(GUI) added to greatly simplify usage of the pragrd his highly useful thermochemical software
allows the user to evaluate the theoretical perémee of a solid (or liquid) rocket propellant. Agh, it
is particularly useful for checking the viability possible propellant formulations. As well, it@lls the
user to quickly determine the most effective ratibmgredients to achieve desired performancenfeo
theoretical perspective.

GUIPEP is primarily &hemical equilibrium solver, that is, it balances the chemical equatietating

the propellant reactants and products by a method/k as "minimization of Gibbs free energy". The
ingredients (reactants) defining the propellantteansformed adiabatically and irreversibly to teats
product constituents in the amounts fixed by eltiilim relations, chamber pressure, and mass balance
at a reaction temperature fixed by the availablrgnof reaction. The resulting set of productsvjutes

the basis for computation of thermodynamic propsrtrom which performance parameters are
determined by an iterative process to accounthanging product properties and composition.

Input is simply a list of propellant ingredientsi¢ethe mass of each), as well as chamber pressdre a
nozzle exit pressure. Solver output includes cortidmusemperature, isentropic exponent, molecular
weight of products, exhaust temperature and cortiposspecific impulse, and ideal expansion ratio.
Note that burn rate parameters apeevaluated, aburn rateis a complex phenomenon that involves
many other physical processes besides combustioh,as heat and mass transfer between the reaction
flame and propellant burning surface.

Another similar thermochemical program is CET (CrehEquilibrium with Transport Properties,
NASA TM4557), but as far as | know, no GUI is awahlie for this software. As such, it is cumbersome
to use. The predictions are nearly identical te¢hof GUIPEP, based on my limited experience with
using this program.

Analysis Assumptions
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The basic assumptions employed by the solver aghras described in thigasic Assumption3heory
Web Page:

« One dimensional flow with regard to the continugpergy and momentum equations
o Zero flow velocity at the nozzle inlet

« Complete and adiabatic combustion

o Isentropic expansion in the nozzle

« Homogeneous mixing of the reactants and products

« Ideal-gas law applies

o Zero temperature lag and velocity lag of the cosddrphase products

Using GUIPEP

GUIPEP is very easy to use. Up to 10 propellantddegnts are chosen from the drop-down boxes, and
the mass (in grams) is entered. Total mass neeaddouip to 100 grams, but this is the most conwénie
way to enter the data, as the mass then reprabepe centage of that particular constituent.

To eliminate any unwanted ingredient, zero is etters the mass.

A Title of the run is then entered, and may be up to &@eciters in length.

The Operating Conditions are usually left as the default values, unlesgeti'esome particular reason to

modify them:
e Temperature of ingredients = 298 K (whiglndom temperature, 25C.)
e Chamber pressure = 1000 psi (which is éifierence pressure at which Isp is quoted).
o Exhaust pressure = 14.7 psi (which is dnaphere, the condition of ideal expansion at sea
level).

As far asOptions are concerned, none need be chosen for basicliamipevaluation. However, if the
nozzle design is being studied, checkBoest Vel ocities and Nozzle Design box.

The final step is to run the program by selectug, thenSngle Run. A DOS box then appears to allow
execution of the program, which is initiated bytihg theEnter key. MS Notepad then appears, in which
the output is displayed.

A screen-shot of an example GUIPEP input screshasvn below:
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N 0] %]
File Bun Help

Ingredients: Title:

D escription: Weight [gm) |KN'[:'>'<'":I |

[POTASSIUM NITRATE =[5

0 ting Conditions:
|DEXTROSE (GLUCOSE) -] [34 e
Temp. of Ingredients [K]:
[IRON OXIDE -]

| ﬂ| IU—I [;ha:lmhe: pressure [:2:] -“:m:.
| ﬂ| 5 shaust pressure [PSI1):
| ﬂ' ID—I Options:

| ﬂ' |l]—| [ Delete exit calculations
|

|

|

ﬂ| 0 ||: :anclude ii;mif:_specit:ls in cialc:la?iuns
oost velocities and nozzle dezign
0 :
ﬂ' I—I [ Pressures in atmospheres
ﬂ| 0 [ More species precision

[ List combustion species considered
Total weight [grams]: 100.00 [ Fix chamber temperature

GUIPEP Output

The initial portion of the output is a basically @ho of the complete input data, as shown below:

File Edt Seach Help

BN KH-DX-IO0 Run using June 1988 Uersion of PEP,

Case 1 of 1 11 Aug 2861 at 9:14:18.68 pm
CODE WEIGHT D-H DEHS COMPOSITION
821 POTASSIUM HITRATE 65.868 -1169 O.07678 1H 30 1K
1893 DEXTROSE (GLUCOSE) 34.8688 -1689 0.05678 6C 12H 60
541 IROH OXIDE 1.800 -1230 0.18480 30 2FE

THE PROPELLAHT DEHSITY IS @.086884 LB/CU-IH OR 1.9856 GHM/CC
THE TOTAL PROPELLAHT WEIGHT IS 180.8008 GRAMS

HUMBER OF GRAM ATOMS OF EACH ELEMENT PRESEHT IH IMGREDIEHTS

2.264628 H 1.132314 C B.642877 N 3.879738 0
B.642877 K 8.812523 FE

Some of the input data is automatically pulled fribvpepcoded.daf file, which is a text file that
contains the following ingredient data:

Ingredient name

Chemical formula

"Heat of formation" (which is actually delta entgalof formation), in calories/gram
Mass density, in pounds/cubic inch

This data is reflected in the above output, witereis the "delta heat of formation" HXS is the
constituent density, andad®™POSITIONis the chemical formula. Resulting propellant idéahsity is also
given, and is computed according to the followiggagion:
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1

fs fo f- equation 1
— —+—+ ...

Pa pPv P

2o =

as detailed in thBropellant Grain TheorWeb Page.
e.g. [ENS=1/(0.65/0.0767 + 0.34/0.0567 + 0.01/0.184) = 8&BIL/ir?.

The number of gram-atoms of each element presdheimgredients is then listed. Basically, this
indicates how many relativetoms of each element are present in the cauldron oktignts that are
combined to form the products of combustion. Altfjothis is key information for the solver, for the
user it serves no particular purpose. For refergthiis calculated as the mass to molecular wegfo
for a particular ingredient, multiplied by the malember for a particular element, summed for each
ingredient.

The next portion of the output presents ¢benbustion chamber conditionsas shown below:

CHAMBER RESULTS FOLLOW

TCK)Y T(F) P(ATH) P{PSI) ENTHALPY ENTROPY CP/CU GAS  RT/U
1733. 2659. 68.82 1060.00 -134%.6% 163.44 1.1288 2.207 29_614

SPECIFIC HEAT (HOLAR) OF GAS AMD TOTAL= 108.861 15.381
HUMBER HMOLS GAS AND CONDENSED= 2.2978 8.3179

B.87588 H20 8.41818 CO2 8.40865 CO 8.32138 N2

8.38541 K2C03= 0.24164 H2 B8.83837 KHO 0.81242 Fed=
1.38E-83 K 1.78E-84 KZH202 8.55E-85 FeHZ02 6.85E-85 NH3
1.80E-85 H 1.85E-085 KH 4_87E-86 KCH 3.75E-86 HO
2.13E-86 CH20 2.12E-86 CH4 1.63E-86 CHH

THE MOLECULAR WEIGHT OF THE MIXTURE IS 38.243

The first row indicates theombustion temperature(in Kelvin and degrees F), tithamber pressure
as specified, the totahthalpy of the mixture (kcal/system mass), tatakropy of the system
(cal/K/system massE,p/cv, which is the ratio of specific heatSAS (number of gas moles in the
mixture), andRT/V (a conversion factor which is not normally usédte that the system mass in this
example is 100 grams.

The only important parameters here are:

« Combustion temperature- Also referred to as thadiabatic Flame Temperature, and determined
by the method described in ti®mbustion TheoryWeb Page. Generally, the higher the
temperature, the higher the specific impulse. Treal'world" factors to consider, however.
Higher temperatures require more robust casinghamdle materials, insulation, or ablative
coatings. Note that the chamber temperature istégeation temperature that the nozzle will
"see" and must be designed for.

Low combustion temperatures, as predicted by ttugnam, may not be self-sustaining in reality.
For example, a formulation with a predicted chanibarperature of 1000 K will probably not
combust at all.

e CPI/CV - The ratio of specific heatk, for the mixture at combustion chamber conditidhi is
correct value to use when calculatitaracteristic velocitycee-star) andhamber pressuras
described in the preceding Theory Web Pages. The wdCcp/CV is calculated from the following
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equations:

k = Cpmix

1 .
— —  where Cpoix= — nCpi+n: Cs equations 2 & 3
Cpmix- R P n ZI: ( Pi¥ )

with the details on notation and use of the equatmrovided in th&echnical NotepadlVeb Page.

¢ GAS - The number of moles gfaseous combustion products in the product mixture (whiciym
also contain condensed phase). This value is asealdulate the effective Molecular Weight,
of the product mixture, which is given by dividitite number of gas moles into the system mass.
For this example, M = 100/ 2.297 = 43.54 g/molesT&the proper molecular weight value to use
in the gas dynamics equations described in theedieg Theory Web Pages.

The next two lines provide the values of thelar specific heatof the gaseous products and of the
mixture, (cal/mole/K), and are provided for refezeronly.

The following line provides the values for the nienbfgas moleqrepeated) and the numbermbles

of condensed phaseroducts, which may be solid or liquid. This infation is of interest, as it provides
the (molar) ratio of gas/condensed phase products.

The next lines of output tabulate the numbemotes of each combustion product constituenProduct
names followed by are liquid phase, an®l designates solid phase; all others are gas phhsedata
allows the user to calculate thmss fraction of condensed phase, which is given by the mass of all
condensed phase divided by the system mass, ané teemass of any constituent is given by the
number of moles multiplied by themolecular weight of that constituent.

e.g. Mass fraction of condensed phase = [(@.B0%38.2 + 0.01242 (71.9)]/ 100 = 0.422

Many of the combustion products are in trace angand play a negligible role in the overall praces
From the example above, the only significant préslace H20, K2CO3, CO2, H2, CO, N2 and perhaps
KOH and FeO.

For best performance, low molecular weight prodactsdesirable, such that the effective molecular
weight of the mixture is minimized. Low moleculaeight products in the above example would be
H20, H, H2, CH4, CO, NH3 and OH.

The next line in the above portion of the outpwiegithe molecular weight of the mixture (sometimes

denotedVIW), which is given by the sum of the mole fractifor,each constituent, multiplied by its
molecular weight, as shown below:

Whase = Z fout Wi equation 4

This value of molecular weight should be negleetgd serves no purpose with regard to rocket
performance.

The next portion of the output presents iiogzle exhaust conditionsas shown below:

http://members.aol.com/ricnakk/th prope.t 21/02/200°



Richard Nakka's Experimental Rocketry - Page6 of 9

HEXEXEXEXEXEN XXX RN XXX XE2XEXHAUST RESULTS FOLLOW HEXEXREXEXEEEAEXREREENERERENEXEN
T{KY T(F)} P{ATH) P{P5I}) EHTHALPY EHTROPY CP/CU GAS RTAV
1169. 1646, 1.808 14.78 -161.68 163 .44 1.1325 2_.266 a._hu1
SPECIFIC HEAT (HMOLAR) OF GAS AHD TOTAL= 0.940 14.883
HUMBER HOLS GAS AND COHDEHSED= 2.2656 8.3334
B.77686 H2D A.51521 co02 8.354908 H2 B.32141 N2
8.320908 K2C03& a.29614 CO 8.812508 Fel& A.88181 KHO
L4_GZ2E-85 K 1.17E-85 HH3 2_47E-86 CH4 1.75E-86 K2H202

THE HMOLECULAR WEIGHT OF THE HMIKTURE IS 38475

The format of these results is identical to thathef chamber results. The values represent thatmomsl

at theexit plane of the nozzle. ¢ gy_—~—a"
_,d"‘—_\-"‘“\-\__,_

Some points worth noting:

e The combustion product temperature has droppedfisayntly, as thermal energy has been
converted to kinetic energy. The exit temperatuag fve calculated frorequation 4 of theNozzle
TheoryWeb Page.

Te =
o= k-1 where 3 (2 (&] T equations 5 & 6
1+ T ]f‘\.'{e2 -1

whereTo is the chamber temperatuRg/Pe is the chamber/exit pressure ratite is the mach
number of the flow at the exit, akds thecp/cv for exhaust conditions. Note that the value given
in the output is for conditions ahifting equilibriumwhich is explained later.

« Chamber pressure has dropped to one atmosphedestym condition.

« Bothcpr/cvand the number of gas moles has changed sligbflgcting the changing composition
and temperature of the exhaust as it flows thrahgmozzle.

o Likewise, the specific heats and number of molesooidensed species has changed from chamber
conditions.

« The composition of the products has changed imgméasting way. Note that there are fewace
constituents. This is because the temperaturevierland lesslissociation (breaking up into
simpler molecules) of the larger compounds ocadliso note that the liquid products have frozen
into solid phase.

The next portion of the output presents Begformance of a rocket motor equipped with this propellant
and nozzle as specified:

xxxxxxxxxxPERFORMANCE: FROZEH OH FIRST LIHE, SHIFTIHG OH SECOHD LIHEexxxxxxxx
IMPULSE IS EX T P G ISP+ OPT-EX D-ISP A*H EX-T

151.6 1.1326 1625. 39.31 2967.9 18.22 288.9 0.89227 1857.
153.2 1.1@58 1647 . 39.63 3825.2 114.3 18.82 201.9 B6.89485 1169.

Performance is given for boBrozen andShifting equilibrium conditions.
What do these terms meanFrozen equilibrium means that the chemical contjposof the exhaust
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does not change as it flows through the nozzle (product composii®established in the combustion
chamber). Shifting equilibrium assumes that ingtaebus chemical equilibrium is established as &% g
expands through the nozzle, "shifting" the compasitontinuously.

Why are both results provided?Because of the very short residence time in tlzzleoit is uncertain
whether or not there is sufficient time for cherigctions to actually occur as predicted by thifting
equilibrium model. Geometry also plays a role,akr nozzles provide more residence time.

Which results to use?For amateur motors, where nozzles are very smalbmparison with large
professional rockets, | consider the frozen flondeldo be more realistic. For the Kappa rocket moto
nozzle, I've calculated the time duration for tlsvfto pass through the nozzle to be 430 microsgsion

In the performance portion of the output, the fitst/ presents the ideal Specific ImpulserULSE),
isentropic exponent$lEX), flow temperature at the throat} and pressure at the throat)(
characteristic velocityd*), vacuum impulse @p#), optimum expansion ratio €¥-ex), density Isp (B
ISP), throat area-to-mass flow rat&1), and exit-plane temperatuex(T).

The following is a brief discussion of each of tesults:

o Ideal Specific Impulseis the key "yardstick" of performance potentiadaan be considered to
relate thethrust produced by a unit mass (e.g. 1 Ib or kg) of propellant overbarning time of one
second. The ideal Specific Impulse may be determined fempation 7 of thémpulse and C*
Theory Web Page:

k-1

: Pe) e -
T TR MY

wherek is taken as the averageas/cv for chamber and exhaust conditions, &hds the average
effective molecular weight for chamber and exhaosiditions.

o Theisentropic exponentis the same dsor cp/CcV for a perfect gas such that by constant
(P=pressure; V=volume). As the gas is not pertbetyalues ofs EX andcpP/Ccv do not agree.

o T* and P* are the so-callectitical values of the flow temperature and pressure wherédw
velocity is mach one, that is, at the throat. Thesg be calculated from equations 4 & 6 of the
Nozzle TheoryWeb Page. Units are Kelvin and atmospheres, résphc

. Ta + _ .
"= k-1 and © 7 [ Ir— 1] RE equations 8 & 9

e C* is the Characteristic Exhaust Velocity (cee-staifh units of feet/sec. This parameter may be
considered to be a figure of thermochemical meritf particular propellant, and is given by
equation 3 of thémpulse and C*Theory Web Page:

equation 10

o ISP*is the vacuum impulse that would be obtained bgrdac nozzle in air-breathing motor work,
and thus may be ignored.
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o OPT-EX, the Optimum Expansion Ratio ¢/At) is an important parameter in nozzle design. This
value defines the ratio of the nozzle exit aretntoat area, and as such, sizes the divergence cone

exit diameter, wher, _ 1, Aﬁm . This ratio may be determiinech equation 14 of the
Nozzle TheoryWeb Page:

Ae

T g k-1 .

A (k + ’]J =1 (P_ej (l‘{ + 1) - [P_e] e equatlon 11
2 Fo k-1 Pa

where k is the value aP/cV for exhaust conditions.

E I

o The Density Specific Impuls®-ISP, is an interesting parameter. It is defined agtioeluct of
specific impulse and the propellant specific gnavatr |, = Isp 6p (the specific gravity is

numerically equal to the density, in gram/cc). gthivalue of Density Isp would be important for
compact motor designs, where volume is at a premium

o A*M ("A-star M") is the ratio of nozzle throat areaniass flow rate expressed aéaec/lb. |
really don't know what this is meant to be used for

e EX-T is the nozzle exit plane temperature (Kelvin) arad/ be determined froeguation 5 shown
earlier.

Comparison of Performance Equations to GUIPEP

The following table shows an interesting comparisetween the results presented by GUIPEP to
the same results as calculated by use of the peaftze equations presented above, which are
considered to be "approximate”. Nevertheless,akalts are in very close agreement.

Parameter Eqn. [ Calculated| GUIPEP
Characteristic wvelocity c* 10 2966 2965
Specific Impulse Isp 7 151.1 1516
Opt. Expansion ratio Aefbt 11 10.22 10.22
Critical termperature T g 1629 1625
Critical pressure P* 9 39.35 39.31
Exit plane temperature Te = 1058 1057

Limitations of GUIPEP

To some extent, the accuracy of the results isrmiigod upon the JANNAF.DAT file which
contains reaction species heat of formation datd by the solver. The species list is limited in
scope, and for unusual propellant combinationsattieal reaction products may not be present in
the list. The result is a failure of the solverjmaccurate results. A good example is Zinc-Sulphur
propellant, for which GUIPEP does not provide aoljtion. The reason is that the main product
of combustion, zinc sulphide, is not present inligteof reaction species.

As mentioned in the introduction, propelldmirn rate is not assessed by GUIPEP, nor is there any

indication provided as to whether a particular jetamt concoction will beelf-combusting.
Although it is obvious that this sort of assessnigieyond the scope or intent of GUIPEP, this
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fact must be kept in mind when evaluating a prepellA good example is ammonium nitrate
(AN) based propellants. Although GUIPEP typicaltegents glowing numbers for performance,
in reality, the burn rate is usually so slow thed propellant will self-extinguish. Also, the adialit

of metals such as aluminum is found to boost parémrce significantly for many propellants,
according to GUIPEP results. This is usually net¢hse in reality, where much of the metal is left
unburned unless the propellant reaction temper&uwrery high and the metal particle size is very
fine. Physical limitations also may negate a paddigitpromising propellant. High solids loading

is often predicted to improve performance, butriaccfice, is usually difficult to achieve due to
binder adhesion limitations.

Another limitation, or shortcoming, relates to firediction of performance of propellants with
significant percentage of condensed phase parfitig® exhaust (two-phase flow). The value of
cp/cv and the isentropic exponent used by the GUIPERs&br determination of all the
performance parameters are calculated for a gaislpamixture, as shown irfEquation 1 of the
Two-phase FlowTheory Web Page. However, for flow through thezt®za modified isentropic
exponent should be used, as giverEquation 2 in the referenced web page. For propellants with
minimal condensed-phase fraction (say, <10%), tlezadlveffect is probably negligible. But for a
propellant such as KN-Sucrose, where the condeplsase fraction is very high (44%), the net
effect is more significant. As an example, the chanvalue of the isentropic exponent as
calculated byEquation 2 is k=1.04, whereas the value givenHnuation 1 and GUIPEP is k=

1.13. The difference in Ideal Specific Impulsesp 166 sec. versus Isp= 153 sec., respectively.

BB
Last updated August 19, 2001

Back to Theory Index Page
Back to Index Page
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Rocket Theory Appendices

Appx.A - Calculation of AFT for KN-Sucrose

Appx. B- (Reserved)

Appx. C- Flow Properties for Kappa-DX Nozzle

Appx. D - Expression for Mass Flow rate through Nozzle

Appx. E - Calculation of Max. Chamber Pressure for KappaMotor

Appendix A

Example -- Calculation of the Adiabatic Flame Temperature(AFT) of
KN/Sucrose, 65/35 O/F ratio

Consider the combustion of the KN/Sucrose , 65/85opellant to have the
following combustion equation:

C,H,,0,, +6.288 KNQ -> 3.796 CQ + 5.205 CO + 7.794 J® + 3.065 H + 3.143 N + 2.998 KCO,
+0.274 KOH

The enthalpies of formation for the reactants d&taioed from the CRC
Handbook of Chemistry and Physics, and for the gpets] from the JANAF
thermochemical tables:  (units are kJ/mole)

C1oH97014|-2222.1
KNO;  1-494.63

CO, -393.52
lco -110.53]
H,O -241.83
H2 0
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N, 0
K,CO;  |-1150.19
IKOH |-424.72|

Using the energy balance equation (assuming nogesain K.E. or P.E.):

> onfhe+ b)) = Zne[hf+£h]e

R F

Substituting in the values for hn and n, gives :

1(-2222.10 + 0) + 6.288(-494.63 + 0) = 3(7883.52 +4h__) + 5.205(-
110.53 +h_ ) + 7.794(-241.83 -sh ) + 3.065(0 42h ) + 3.143 (0 44h ) +
2.998 (-1150.18 -th ) + 0.274 (-424.72 -4

KOH)
Expanding and gathering terms simplifies the equaiid the following form:

2186.2 = 3.7¢h__,+5.2054h_+7.7948h +3.0656h  +3.143h  +

2.9984h __ +0.274th

K2CO3

Solution of the equation is obtained by simply s$iibsng in values foith at a
certain temperature. This temperature is equddddAFT when the the right
hand side of the equation is equal to the left haded (=2186.2).

Take a guess that the AFT lies somewhere betwe@d H'and 1800 K (easy for
me to guess, as | know the answer! But no matteat wie guess, the answer will
eventually converge).

From the JANAF tables, the valuesshf are:  tluare kJ/mole)

T [co,| col[HO| H, | N, |[K,COq| KOH
11700 K|73.48(}45.94957.75842.83%45.429280.27%116.504%
11800 K|79.43149.526(62.69346.16948.978301.19%124.814%

For the term on the right side of the equationsstiiing in the values at
T=1700K :

3.796 (73.480) + 5.205 (45.945) + 7.905 (57.758)065 (42.835) + 3.143
(45.429) + 2.998 (280.275) + 0.274 (116.508)124.5kJ/mole
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Substituting in the values at T=1800 K:

3.796 (79.431) + 5.205 (49.526) + 7.794 (62.693)065 (46.169) + 3.143
(48.978) + 2.998 (301.195) + 0.274 (124.81%)280.6kJ/mole

Clearly, the actual temperature lies in betweerDlafitd 1800 K. The actual
value may be found by using linear interpolation:

wrr = 2188.27 21145 14860 _1700)+ 1700 = 1743 K
2780 6- 2114 5

This is in close agreement with the combustion tajure predicted by
GUIPEP (L720 K), that being about 1% lower. The small deviat®a result of
the simplified combustion equation assumed indélk@mple. In reality, some
trace products such as Nidnd monatomic K form, consuming energy in the

process.

Appendix B

Reserved for future use.

Appendix C

The following are plots of the nozzle flow propesifor the Kappa-DX rocket
motor:

TEMPERATURE

e + 1550 =
/"' N 1500
7 1 1450
1400
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FLOWY ACCELERATON
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Time for flow to travel through nozzle = 430 microgconds.

Appendix D

The derivation of the expression foiass flow rate through the nozzles
presented here.
FromEquation 9 of theNozzle TheoryWeb Page, the continuity equation for
mass flow rate through the nozzle is given by:

f=p* vk A*

where * designatexitical (throat) conditions. Fror&quation 7 of the
referenced web page, the critical flow density rhaywritten as:

0% = pe pe

1 - 1
( k—ljﬁ (1{+1JE
1+ = — i
7 2

and fromEquations 3 & 4, the critical (sonic) velocity may be given by:
2k

¥ = —ERT.
lt+1
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From the ideal gas law, the chamber density magxbeessed as:
2

ET.

o =

Substitutionof this equation and those for critidahsity and velocity into the
mass flow rate expression gives:

—ETs
_ b 1<+11 AF
ETe (1{+1]1¢-1
2

which may be rearranged to the form of the expoesshown as Equation 4 of
the Chamber PressuiEheory Web Page:

L+l
e more [ (2]
ETe vk+1

Appendix E

Example: Calculate the maximum steady-state chamber presre for the
design of theKappa-DX rocket motor.

Units of measure:
The most prudent (botch-proof) system of unitsks (metre : kilogram :
second), however, for this example, appropriatdiEmgnits will used, as well.

Equation 12 of th€hamber Pressure Thediyeb Page:

Fo= Enpprc*

Burn/throat area |Kn, max. = 378
Propellant density | #p = 1.806 g/crm = 1806 kg/m = 0.00203 slug/ih

Burn rate r=12.65 mm/s= 0.01265 m/s = 0.50 in/s
Propellant c-star |c* = 912 m/s= 2992 ft/s

Therefore,
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Po = 378 (1806) .01265 (926) = 7.9 x®1W/m? ( 7.9 MP3
or
Po = 378 (0.00203) 0.50 (2992) = 1148 psi

1F==|
(L5}

Last updated August 19, 2001

Back to Propellant Combustion Page
Back to Theory Index Page
Back to Index Page
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Grain Area Calculations

of0if ) T e

| .
| Lo e

Propellant grain basic dimensions -- Hollow cyliedt grain (may or may not have frustum)

op

Outer surface area is given As = 7 Do Lo

Core surface area is given -ﬁgc =7 Di {Lo+Le)

End area if grain has no frustum

Surface area afach end is given b'A . = (ra2 —r F]
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A /[

) 9

Surface area of the frustum end is giver A . = 5 [(ri _|_h) 2 2]

ol

Surface area of the frustum is giveng, ; — - ¢ (l‘n + rp)

Other terms in the equations are defined as

r.:=|:% n=Dg and rp=Dg+h

la- Ip

SN e

Le =5 cos v where 5=

Back
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End burner (case bonded)

Helding device

AR
=

Internalexternal burning tube { free-standing 3

ey

. m Y|

Internal burning tube {case bonded and end restricted)

Seqrmented tube (cartridge loaded)

RS

-

n|

4
RN N

Rod and tube (Case bonded)

AN

Star (case bonded)

) R

R

Wagon wheel {case bonded)

N

R
N o

Dendrite (Case bonded)

Ref. Hill & Petersaon, Mechanics and Thermodynamics of Propulsion
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Notes

1. One of the more interesting reactions of thigtigithe so-called "water
gas" reaction:

CO, + H, <-> CO + HO

The equilibrium constant associated with this eiguat such that at
lower combustion temperatures the reaction procewdsrd the left. This
is the reason why there is a significant amouri.pproduced in the

combustion of the KNO3-sucrose propellant (at thi8s O/F ratio, the
combustion temperature is relatively low, being@R2).

Water gas, a mixture of Hand CO, was used in by-gone days as a

household fuel for gas stoves, and was producedilityes through a

process involving passing steam over a bed of die.cSince CO (carbon
monoxide) is particularly poisonous as well as otéms, deaths were not
uncommon as a result of unintended (and sometithesvwaise) exposure.
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Propellant Mass Density Calculation

Mass density of some Rocket Propellant Oxidizers

Density
Solid Oxidizer Formula gfcm” kgdm” Ibfir®|  slugdin®
Potassium Mitrate KMNOs 2.109 2109)  0.0762| 0002366
Ammonium Nitrate MHaM O 1.725 1725  0.06Z3| 0.001935
Potassium Perchlorate A 2.520 2520 0.0910| 0.002827
Armrmonium Perchlorate MHaC 104 1.950 1950 0.0704| 0.002185
Sodium Nitrate MalOs 2261 2261 0.0317| 0002537
Sodium Perchlorate MaClOg 2018 2018) 00729 0002264
Mitranium Perchlorate MOz CI0, 2.198 2198| 0.0794| 0002465

Mass density of some Rocket Propellant Fuels

Density
Solid Fuel Formula gfcm” kgdm” lbdir®|  slugdn®
Sucrose CqyzaHzz044 15805 1561 00571 0001773
Dextrase (anhydrous) CeHq20g 1862 1562 0.0564| 0001752
Sorhital {anhydrous) CgH14 05 1.489 1488  0.0535| 0.001671
Alurninum Al 270 2700]  0.0975] 0.003029
P - *1.38 1380 0.0499] 0.001548

* Awerage value. Typical range is from 1.25t0 1.5

References:

1. Merck Index, 7th Ed.

2. CRC Hdbk . of Chemistry and Physics, 54th Ed.
3. Sutton, Rocket Propulsion Elements, 5th Ed.

4. www.matweb.com

Example:

Calculate the ideal density of 65/35 O/F KN-sucrpsmellant:

LA

1

0.65 0.35
+

2109  1.5805

This compares to an actual (measured) value ofdr&@/cm3.

Back
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